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Artemovych OD, Skaskiv L.V.

GROUPS ASSOCIATED WITH BRACES

Artemovych O.D., Skaskiv L.V. Groups associated with braces, Carpathian Mathematical Pub-
lications, 3, 1 (2011), 4-14.

We construct the group H(A) associated with a brace A and investigate the properties of
H(A).

Introduction

Let (A +) be an abelian group with a multiplication “”. As in [5] we call A a bracc if A
is right distributive, i.e.

1) (@a+bh)-c—am) + (bm) for all a,b,c € A and
i) Ais a group with respect to circle operation “0” defined by the rule

aoh=a+b+am

A group {A o) is called the adjoint group of a brace A and denoted by AO0. It is easy to
sec that
d0o0 =0 =0 0a

and so 0 is the neutral element of A°. The inverse of a € A will be denoted by
An abelian group (M, +) is called a module [ ] (with the neutral element e) over a brace
A if there exists a mapping
M x A3 (x,a) i’xa € M

such that the following hold for any elements X,y € M and a, b € A
rni) (X +y)a = xa +ya,
m2) X{a oft) = (Xxa)b + xa + Xb,

m3) it = e

2000 Mathematics Subject Classification: 16 W35.
Key words and phrases: brace, nilpotent group.
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Since
ea = (e + e)a = ea + ea,

we conclude that
ea = ¢

for any a € A In view of x + (—) = ¢ we also obtain that
o =ea = (X+ (—x))a =xa+ (-xX)a
and therefore
(-x)a = —{xa) = —xa.

A non-empty set L ¢ M is called a submodule of a module M if the following two
conditions hold:

S]) L is a subgroup of (M, +),
s2) la€Lforany I€ELand a €EA

Let A be a brace, L a submodule of an A-module M, T a subgroup of A°. On the set of
pairs
H(L,T) = {(I,t) \le L,t € T}

we define a multiplication by the rule
(% y) @ v) = (xv+x +u,yov) )
for x, u e Land y,v € T. Then H(L,T) is a group (see Lemma 1). We prove the following

Theorem 1. Let M be amodule over a brace A, L anon-zero submodule of M, T anon-zero
subgroup of A°. Then
H=HLT) =Ea&aF

is a Frobenius group with a kernel E and a complement F, where E is isomorphic to the
additive group L+ of L and F is isomorphic to a subgroup T, if and only if the following
hold:

() L = Lh for every non-zero element h € T,
(i) amiTi = {t €T \It = e} = {(} for every non-zero element | € L
Recall [5] that
An+l = A(An)
A(n+) = (A(N"NA

for any positive integer n. Then An is a right ideal and A{n) is a two-sided ideal in A A brace
A'is called right nilpotent (respectively left nilpotent) if A = {, } for some positive integer
n. A minimal positive integer n with this property is called an index of right (respectively
left) nilpotency. In this way we obtain the following



Theorem 2. (1) If Ais a non-zero left nilpotent brace, then

(i) H(A) is a nilpotent group;
(i) ann AN {6 }

(2) If Alis a right nilpotent brace, then H(A) is a solvable group.

Henceforth, H <\G means that H is a normal subgroup of a group G and E x F is a
semidirect product of groups E, F with a normal subgroup E.
Any unexplaned terminology is standard as in [4].

+. The group associated with a brace. It is not difficult to prove the following

Lemma 1. Lett M be a module over a brace A If L is a submodule of M and Tis a
subgroup of AQ, then
H=H{LT)=Ex F

isagroup with the identity element ¢.,0y under the operation (1) and, moreover. E = {(/,() |
I €L} isisomorphic to the additive group of L and F = {(e.t) \t € T} is isomorphic toT.

Proof. It is easily verified that, II(L. T) is a group, for any a, /EL, b ET

(@ byl={-a- abr1,b(~x) € H

(a,b) = (e,b)(a,0) € EF,
()6 B= (@ b~ 0)(a b) = {-a - H D), 0)(a, b) = [1b+10) € E
so E is a normal subgroup of A,
ENF = {( 0}
Hence Il = E x F isa semidirect product. Finally,the maps
@:L31 (,00¢e Eand p\T 3t*¥ (e, 1) €F
are group isomorphisms. O
Corollary 1. Agroup H(L, T) is abelian ifand only if LT = {e} and T is an abelian group.
A non-empty set S is called a subbrace of of a brace A (see [6]) if the following hold:
sj) (S, +) is a subgroup of (A, +),
S2) uv € S for anyu,v €S.

It, is obviously that {0} and A are trivial subbraces in A Since A can be regarded as A-
module, every submodule / of J1-module A'is called a right ideal of A 5] (there is no similar
concept of a left ideal). Therefore 7 is a right ideal of A if and only if the following hold:

/i) (l. +) is a subgroup of (A +),
f2) in€/foranyi €1 and a €EA
If, moreover, | satisfies the condition
i3) ar e /foranyie /and a €A

then / is called a two-sided ideal (for short an ideal) of A Any (right or two-sided) ideal of
A'is a subbrace in A For any brace A

e the left annihilator
ann/ A= {ueAluA = {0}}

is a right ideal of A

* the right annihilator
ann,. A —{? € A lAv = {0}}

is a two-sided ideal of A In [5] annr A is denoted by Soc(/l). Obviously that ann A -
arm,. ATlami/ A is a two-sided ideal in A Element a € A is called a left (respectively right)
zero divisor if it satisfies the following two conditions:

z) a®o,
2 2) ub —0 (respectively ca = 0) for some non-zero element b A (respectively ¢ € A).
Element a € A that is a left and a right zero divisor is called a zero divisor of A

Remark 1. Ifabrace Ais left distributive, then A becomes aradical ring (i.e., an associative
ring which is a group with respect to the circle operation “0”). The group H(A+, /1°), where
A is a radical ring, was constructed by Ya.P.Sysak [lj and called the associated group ol a
radical ring A Similarly, we will say that the group H(A) = H(A+A°) is associated with
a brace A

Lemma 2. Let A be a brace with the associated group H(A) = E x F. If S is a subbrace
of A with the associated group H(S) =mU x W, then the following conditions hold:

(1) H(S) < H(A), U<E and W< F,

(2) if S isaright ideal of A thenU< H(A),

(3) if S is an ideal of A then U - U (A)and H(S) <« H(A),
(4) if U <QAH(A), then 5A c S,

(5) IfH(S) <E x IV, then AS. c 5,



(G the centralizers
Ce{F) = {(0,0) €E£ la €an/ A} and Cf(E) = {(O,u) €EF \u € annr A}
in particular, is Anot contains left and right zero divisors, then

CF(E) = CB(F) = {(0,0)}.

Proof. (1) follows from definition of H(A).
(2) Let Sbca right ideal of A Then sa € S for any s

(s, 0)@h) = (—a - ab{~I\ b~ ))(s, 0)(a, b)

€S a€Aand so
= (sh +5s,0) € U_2)

for any elements (a, b) € H(A) and (s, 0) € U. This means that U is a normal subgroup of
H(A).
(3) Assume that S is an ideal of A/ (a,b) € A(J1) and

(s, = (—{at)h —at —
f+ th+ (bi-~b + b*.1)* e A(5),

(s,t) €H(S). Then
+ f—(a: (L))I,

and hence A(5) is normal in H(A).
(4) Since U <H(A), from (2) it follows that sb+s €S forany s € S,b € A and therefore

sh e S.
(5) Let us A (5) <E x M Then forany a € Aand u, v, w €S we deduce that

H(S) 3 (n,v)" =

(—fav)w — —aw —(aru*))w +uw — av—
(aw M~y —au~ o  UY»r (-0 o > 010) =
(~(a,v)w —((a/wA)v)w + we —ayv —@w/-1)> +u, v +vw + + WAAY),
If =0, then we obtain that (—aw + it,v) € H(S), and so /15. C S.

(s) Assume that (0,0) € CE(F). Then (a,0)(0,b) = (0,6)(a, 0) for everyb € A and
consequently ab = 0. If (0,«) € CF(E), then

(o W+, +b,U00): (O,U)(b,o):(b,o)(o,U):(bU +b +0,0 OU)

and therefore bu =, . O

Lemma 3. If Ais a brace and a, b € A/ then (a, b)€Z(H(A)) fand only if aA = {0} and
Ab = {0} = bA

Proof. (=) Let us (a, b) € Z(H(A)). Then for any elements u,v G iwe see that

(av +a+u,bov) —(a. b)(u. v) = (u,v)(a, b) = (ufe+u + a,i; 0s) (3
if and only if
bov = 'Cos,
a> = ub.

Hence bv = vb. If u = 0, then av = 0 (and we obtain that aA —{0}). In the case v = 0 it
follows that ub = 0 ( and consequently Ab = {0}).
(<=5 Since ub = 0 = av for any u,v € A we concludethat(u, v) €Z(H(A)). O

Remark 2. (1) For any element a of a brace A the centralizers
Cao(0) = (. € A0OIl. oa=aoz} and Ca(cl) = {z € A \za = az}

are equal.

(:):/

Z(A) = {z €EA\za = az forevery a€A]
A(A°) = {;6i4°]:00 =ao2 forevery ae 1}

gen Z(A) =~ (J10) is a normal subgroup in A°.

Let S be a two-sided ideal of a brace J1. On the set

A/S={a+5 la €5}

we have two operations “+” and “-” (see [ ]) given by the rules:

e (@ +5) +(a. +5) = (ai +a2 + S,

e (@i +5) -(az +5) = («102) + 5 for aj, a. € JI. Then (A/S, + -)is a brace (and A/S
is called the quotient brace of /1 with respect to an ideal S).

Lemmad. If S isan ideal of a brace A then the groups (A/S)0and A0/S°are isomorphic.

Proof. In fact, the rule
0:(A/S)°3a+S aosS° €AY/
is a group isomorphism. O

Lemma 5. If S is a two-sided ideal of a brace A then the groups H(A)/H(S) and H(A/S)
are isomorphic.

Proof. Assume that A(/1) = E x F, H(S) = U x W and H(A/S) = Q x R. Then, by
Lemma 2, we have that U < E,W < F and so

H(A)/Z11(S) = (E x F)/H(S) ~ (EH(S)/H(S)) x (FH(S)/H(S)) =
= (EUW/UW) x (FUW/UW)~ (EW/UW) x (FW/UW).

Furthermore, we have the group isomorphisms
Q = (A/S)+"™ A+/S+” E/U = EW/UW

and, by Lemma 4,
R~ (J1/5)° = Mo, »0o = F/W ~ FU/WU.

The lemma is prowed. O



2. Frobenius groups. Recall that a group H = E x F is called a Frobenius group with
a kernel E and a complement F if
Fn F9= {1}

forall € H\F and

e\{i}=h \{Jf\

heH
Proof of Theorem 1. Assume that H —E x F is a Frobenius group with E = L+ and
F =T. By Lemma 1.1 of |3], for any elements h € T and | € L there existse L such  that
(/,0) = [(Zi,0). (e, £)] and consequently (/,0) = (I\,0, . (e. h)~I(I\,0)(e, h) =(1ji.0).Then
/=1]h and we conclude that L = Lh for any . .- h €T,
Suppose that It —e forsome te€ T and 0p | € L. Then

{((A)} = FfIF~0 3 (e.tYL] = (-111)). (4)

which implies that t =, and annTl = { }.

(<=) Assume that a group Il = Ex F satisfies the conditions (i) and (ii). If0¢ v € T and
k € L, then k = k\v for some K\ € L and the commutator [/ .. ), ((, ¢)] = (A'wW0O = (A, 0)
for any (e,0) ¢ (e,t) € F. This means that E = [E,(et.)]. Moreover, for anyelements
(u,v) € Hand (e. /) € F we sec' that

9 (e, t)luv>= (—(ut)v —ut — ((w/-1))t)v — (uv~A™)t,, v(_1) o to v).
Ifr --- and 4, ¢ O, then (—ut,/) = (e, /(0 € F(u,0). This gives that

H\ (J F~ =E\{(e, O)}

wn )l
Now we assume that (=A)nv) ¢ F N for some h.v ET and 0 d u € L Then
(e, = (— ohov), oho v).
and therefore —d(v*~" o h ov) =e. From this, in view of (rr), we have ohov =0 and

consequently h = 0. Hence

FplF(") ={(e.-)}

and 1i is a Frobenius group with a kernel E and a complement F. O
Let R be an associative ring with 1, A be aright F-module. Ify :A—U(R) s an
additive map and

u(au(:)) = u(a)

for all n,b € A, then (A +, ) is a brace (see Example 1 of [5]) with a multiplication *-” given
by the rule

ab = a(u() —1) ()

Example 1. Asin Example 3 of [5], A= {0, 1,2,3,4,5}, A+ =Z and y : A —=i/(Zp) is
such that

/i) = p(2) = p(4) =,
Q) =113 =1/ =0
Then (A +, ®is a brace with the multiplication given by (5) (and depicted by Table):

. . ©3 45

4 . 4 , 4

0 2 0 2 0 2

-
o

4 5 4 , 4

0 2 0 2 0 2

o B~ w "

If L - {0,2,4}, then LA =L and so L is an A-module. Since T = {0.5} is a subgroup
in /.°
Lﬁz{o '5,2'5,4'5}:{0,2,4}: L
anil-/-. = {0} = anil-/'4,
wo conclude that H(L, T) is a Frobenius group.
3. Nilpotent braces. In this section we investigate the properties of nilpotent braces.
Lemma . If Ais a brace and k>0, then A(0H) is an ideal of A(hK

Proof. It is easy to seen that Ak+l) is a subgroup of A\ Since

g Ak+YAc Akt c

A()a{k+1) & AN
we obtain the result. O
Remark 3. Let A be a brace and p a prime. Then
(1) LI(A) is a torsion group if and only if A+and AO are torsion:
(2) H(A) is ap-group if and only if A+and AO are p-groups.
As inLemma 2.4 of [2] we can prove the next
Theorem 3. Let A bearight nilpotent (respectively leftnilpotent) brace, p a prime. Then

(:) A+is ap-group if and only if A° is a p-group;



(2) /1+is a torsion-free group if and only if A° is a torsion-free group.
Proof, (a) Asuurne that A is a right nilpotent brace of index n. We prove by induction on
il. Since
A (n-DA (n-1) ¢ ,U,(I'I-\)A = {0},

we conclude that A[n~) is a commutative radical ring. Now we assume that the result is
true for right nilpotent braces of index <n. Since

(A/AQ)Q C (A/A{) - (A/AI2) = AQ/AD = { }
we have group isomorphisms
(NAa@R)+ > (N/NQ2)° ~ N/ (AQ2)°

and the assertion follows.
(b) For arbitrary k, Akis an ideal of A

(AK/AKH)+ = (AK/AkH)°

and for a left nilpotent brace A the assertion is also true. O

Lemma 7. Let Abe a brace. Then Z(H(A)) = {(0, 0)} if and only if ann/ A® {0}.
Proof. («=) If Op a € aim; A then, by Lemma 2, (a, 0) € CE (F) and therefore

(0,0) & (a, 0) € Z(H(A)).

(=) If (a,00 €Z(H(A)) for some o0 @ a € A then for any elements u. v €A weobtain

(av +a+u,v) = (Ci,o)(u,v) —(u,v)(a, )= (u+a,v).
This yields that av =0 and so a € ann; A O
Corollary 2. Let A be a brace. IfH(A) = E x F and Z(H(A)) 2 E, then
Z(A) MannrA™ {0}
Proof. Assume that (a, b) € Z(H(A)) and b ® 0. Then for any u €A we have
(@+ub) =(b)(u,o)=(u.)a )= u6+u+ahb)

and
(au+a,bou) =(@¢),u) =(,u)(a b)=(auo0s)

and consequently ub —0, au =0 and bou =u o b This yields that b€ Z(A). O

4. Proof of Theorem 2. (1) Let A be a non-zero left nilpotent brace of index n. Then
(An~A = {0} and A--: ® {0}, This means that An~] C ann(A and, by Lemma 7,
Z(H{A)) ® {(0,0)}. Since An~l is a two-sided ideal in A and

(A/An-1)n~A = {().

by induction on n we can prove that H(A) is a nilpotent group. Moreover, Z(A°) s A0 and

{£3}o (AnM)°f]Z{A°) Cann A
(2) We have N1(n) = {0} for some positive integer n and thus
A(n~N C aim,. A

But annr /1 is a two-sided ideal in A and so (annr A)° is an abelian normal subgroup of AO.
By induction on n we obtain the result. a

Example 2. Let (F2)li be a brace constructed in [5] (see Example 2) with the multiplication
“o depicted by Table:

000 111 100 Oil 010 101 001 111

000 000 000 000 000 000 000 000 000
111 000 000 000 000 000 000 000 000
100 000 110 000 O0O1 111 110 111 001
Oil 000 110 000 001 111 110 111 Q01
010 000 110 111 110 00O 0O1 111 o001
101 000 110 111 110 000 001 111 001
001 000 OO0 111 111 111 111 OO0 000
111 000 00O 111 111 111 111 000 000

This brace has a series

AD A{) = {000,111,001,100} D N(3) = {000,111} D N4 = {000}

Ad A2:{ooo,111,001,100}:ﬂ3.
This means that Ais right nilpotent and A'is not left nilpotent. Since

111 Moo =000 @ 110 =100 111,
we conclude that 111 0 Z(A) and so ,4”™ MZ(A) = {000}. Ifa =001, b 100, then
° = (a) x (b)

is a dihedral group of order 8 Hence H(A) is a 2-group of order 64 and it is nilpotent. If
H(A) —E x F, then, by Corollary 2, we have Z(H(A)) C E
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dYHKUUNN CUCTEMOWN ®YHKLMNOHANBbHbBIX YPABHEHWNI
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B pab6oTo nokasaHo, 4TO cucTema pynkymnomanbnbix ypanneHun S(x +y) = S(xX)C(y) |
S(y)C(x), C(x +y) = C(x)C(y) —S(y)S(x) onpegenseTt 60nee WMPOKUIA Knace PyHKLNIA, Yem
TPUrOMOMETPUYECKME. YCTAMNOBACNbi AOTONMUTENbHbIE YCNOBUA, KOTOpbic noobxoaumo poba-
BUTb K 3TOW cucCTemo, 4Tobbi JaHHaa CUCTeMa MMOna efMHCTBEHHOe pelueHue S(X) = sin ax.
C(x) = cosax. lNpn foKasaTeNbCTBE MCMNONb30BANCA CMOCOO CBefeHMA (DYHKLMOHaNbHbIX ypa-
Brenuin kK au<})(]x;p(inumansbHbim.

BBEAEHWE W AHANN3MYBAUKAL NN

CyLLCCTBYIOT pas3/inyHbIC NOAXOAbI K ONPCACNCHUIO (OYHKLMIA. AHaNN3 KaXLOr0o U3 rakmx
NMOAXOLOB MO3BOMAET CPOPMYNMPOBaTh pas/IMYHbie 0606iLeHNA 3/1EMEHTaPHbIX (OYHKLMWIA.
Kpome TOro cpaBHeHMe pas3MyMbiX MOAXOA0B WMTEPECHO C METOAMYECKOM TOuKM 3p(Mivw.
Mpwn oruieacinerym 'i'PUTONOME'i'PUYECKUX OYHKLMIA B OCHOBHUM MCMO/b3YHOT Tak1c Crnocoom:

- “TeOMeTPUYECKNIA NOAXOA”, B KOTOPOM (PYHKLMW BBOAATES KaK OTHOLLEHWS CTOPOH B
NPAMOYTro/ibHOM TPeyrofibnuke;

“nndbpepeHUManbHbii NOAX0L”, B KOTOPOM (DYHKLMW BBOAATEN KaK POLLEHWM 3ajad
Kouuw;

- “aHaNNTUUCCKNIA MoAXoA”, NP KOTOPOM (PYHKLMM OMICLIBAKOTCA CTCTICHHLIMK psifaa-
MU;

- “COyHKUMOHaNbHbLIN MoAXxo4”, NMpY KOTOPOM (OYHKLMM ONpefenstoTes Kak peLueHus
(PYHKLMOHaNbHbIX ypaBHEHWUI.

2000 Mathematics Subject Classification: 39B72.
KnioueBne cnoea u hpasun: TpuromomeTpmyeckme yHKUnmM, MyHKUNOHaNbHOe ypaBHeHHe, 4uthOpoHLNanb-
HOC ypaBHEHHE, OrpaHnyeHHbie PYyHKUUN.

(e) Bennuko E.B.. TkaueHko W.I'., 2011



B faHHOW cTatbC ananusvpyeTcs KOPPEeKTHOCTb OMpejeneHns OCHOBHbIX TPUTOHOMET-
pUYecknx (OyHKUWUA 4epe3 (PyHKUMOHa/bHbie YpaBHEHMA. B MHOrOYMCNEHHbIX WHTEPHET-
3HUMKNONEANSAX, CPean KOTOpbix oTMeTUM Bukunegunto v Baneguio, dpyHkumm sillX N COBX
OMpefensatoTcs Kak HerpepbiBHbie pewleHns cuctembi (1), (2). OfHaKo oyHKLMM Sin OX K
COS ax TaK e ABNAKTCA peLleHMeM, No3TOMy HeobXxoAuMOo, KakK MUHWMYM, OLHO AOMONHU-
TeNbHOE YCNoBWE /18 OMNpefeneHns KOHCTaHThbI a.

I3 paboTe [1] aBTOpbI NpennaraloT B3ATb HECKOMLKO APYryt CUCTEMY:

i Six-y) =S(x)C(y) - S(y)C(x),
(C(x-y)=C\x)C(y) + S(x)S(y)
HAonoNMHUTL ee ycnoBmamMu
J S(x) >0, x€ (0 a),
[S(a) =1
[lokasatenbcTBO TOrO, yto S(x) = sin(f?), C(x) - cos(ff), npoBoguTCca HyTeEM Bbiyucne-
HHA 3HaYeHUI (PYHKUMIA Na HEKOTOPOM BCHOAY M/IOTHOM MHOXECTBE U HpefesbHbiM Mnepexo-
[OM C HCIMO/Ib30BaHHEM HEMPEepPbIBHOCTY.
B pa6ote ] yewckoro asTopa Otomar’a Hajek’a aHanm3npyrotcsa 0606iLeHNs YypaBHEHH
Tuna (1) n (. ) NpK NanuyHiIi JOMONHUTENIbHbIX CBOMCTB, TaKUX KakK AnddepenHpyeMocTb U

anaMTUYHOCTb PYHKLNIA.
Llenbto faHHOM cTaTbh ABNAETCS pPeLleHre B Knacce HenpepbiBHbIX PyHKLMIA cucTembi (1),
(. ) c ycnosuem (3) 1 hopMynnpoBKa ycnoBuii, obecneumBatoLLmMx eMHCTBEHHOCTb PELLEHNS.

1 MocTtanoska 3agaumn
PaccmoTpum cucteMy (OyHKLMOHANbHbIX YpaBHEHHI
S(x+y) = S(x)C(y) + Sly)C(x). )

C(x +y) =C(x)C(y) - S(y)S(x): ()
KOTOPYHO AOMOSHAM YCIOBUEM

ByZem ncKaTb HenpepbiBHbie pPeLleHns 3TOW CUCTEMbi.
Boiacunm, 6yayt v dyHKumm S(x) = sinax v C(X) = cosaX efUHCTBEHHbIMW PeLLeHHS-
MM HAW TeT.

2 OIIPEAENEHUE 3HAYEHMWN ®YHKLUWA B TOUKE 0

Haigem 3nayeHHe so = 5(0) n ¢ = C(0). Anga 31oro B (2) u (3) noactasum y = 0 m
noayynm
S(x) = S(x +0) = S(x)c0+ C(x)s0,

C(x) = C(x +:) = C(x)oq—S(X)s0.

Mepenuniiem 3TU TOXAeCTBa B BUje
S(x)(1- c0)- C(x)so =,
S(x)s0+ C(x)(: - c0) =,

T pPacCMOTPUM KakK CUCTEMY OTHOCUTENbHO Hem3BeCTHbiX S(x), C(x). Ana Toro, 4utobbi 31a
cucTema MMena MeHyneBoe pelleHne (a uHade ycnosue (3) He 6yAeT UMeTb MecTa), MOO6Xo-
AMMO WM [OCTaTOYHO, YTOObI ee onpegennTent Obin paBeH Hy/Ho:

. —@ —=0
A: — (1 —(bz"‘sq—o.
L 8] 1 - Co

lNocnefHee paBeHCTBO BbLUOJIHAGTCA TOrf4a M TO/IbKO TOrAa, Koraa

3 MCCAEAOBAHUME ®YHKLMW HA YETHOCTb

Wccnepyem, Kak cBA3aHbi 3HaYeHHA oyHKUMIA 5(x) 1 C(X) B ToUuKax X n —x. [Ans 310ro
MONOXMM B (1) M () y = —X

o =5(0) =5(r- x) =S(x)C(—x) -+ C(x)S(—x).

. =C{0) = C(x - x) = C(X)C(-x) - S(X)S(—x).

Bupasum m3 3TUX COOTMOLIEHNA pyHKUMN 5(—X) H C(—X), paccmaTpuBas MX Kak CUCTEMY
NHHENHbIX ypaBHeHHI:

, C(x)  S(x)
A, s(x) C(x) C2(x) +S2(x) >,
0 5(1) _C(x) 0
b= g T80 = g0y CX

Takum 06paszom
00 = W o BT RN
4 TCCNEJLOBAHUE oYHKUNN A(X)
Monoxum B (1) y = —¥ W BbiuYMCNUM 3HaYeHMe BbipaxeHUsa 5(.1 + (—(/)), ucitonbaysa (5)
S{x —y) =S(x)C(—y) +S(—¥)C(x)
AHanornyHo eoivncngem S(y - x), ucnonbsya (.), (5) n (¢ ):

S(y - ) = S(y)C(—x) +S(-x)C(yi= N RBoaMIpdRAG ¢ A(X)



Mbi  Tak)e MOXem nogeumTatb S(y - X), ucnonb3osasToxpaectea (5) u (7):

S(r-W - R )= Ayl = Ky WAy ®

M3 cooTHoeHMA () AeflaeM BbiBOA, UTO

Al - 8) =4

O6iuee nenpepbiBHOE pellenne pyHKUMOHaNLHOTo ypaBHeHUs (5), KOTOpoe Ha3biBaeTCca ypa-
BneHnem Koniin [3], nmeet Bup
A(x) = e, )

rae ) napameTp, noanexaiuuii onpeaeneLLHo.

5 CBEAEHWE ®YHKUWMOHANbHbLIX YPABHEHUW K AN®DEPEHLUUANBHBLIM

Moactaensas (9) B (5), nonyunm, 4to S(-x) = -S(x)e~2A C(-x) = C(x)c~2¥X Haingem
npupatleHme yHKumMn S(x):

S(x +y) - S(x - y) =S(x)C(y) +S(y)C(x) - S(x)C(-y) ~C(x)S(-y) =

S(X)C(y) TS(y)C(x) - S(x)C(y)e~2y + C{x)S{y)e~" =
6»C (y)(l - B-26°) + C(:r)5(y)(I +e" ).

I3biuMcnM NPOM3BOAHYHO

C(r) )I/.ig(ijs(‘”)(l 2+_yB N = b5(T) +aC(X).
Hanpgem npupawieHve goyHKummn C(.T) 1 BbiYMENUM MPOU3BOAHYHO:
C(T+y) - C(x-y) =C(X)C(y) - 5(.r)5(1) - C{x)C{y)e-2-

S(x)S(y)er2y = C(x)C(y)(1 - e2wy) - S(x)S(y)(1+ ey,

c«()=1liTCi*+y)-a*-y) = IimC(y)(l-e-J™ _
Yoo 2y ¥Ry
5(x) liT +C = sC(x) - aS(x).
()L 5 CB)= () - as(x)

MMonyyaem, 4to oyHKUMKM 5(3:) n (7(.r) yaOBNETBOPAIOT cucTeMe AndpdepenunanbHbixX ypas-
HeHWIA
'sp-r-apg +acwm,

C'(x) = —aS(x) + bC(x).

6 PELWEHWE CUCTEMbl AN®DEPEHLINANBbHbLIX YPABHEHWA

Pewwnm cuctemy (10) ¢ ycnosuamu (4) MeTOAOM CBefeHUA K OAHOMY ypaBHeHuto. [po-
andbdpepeHUMpyemM nepBoe ypaBHEHME CUCTEMU:

S"(x) = bS'(x)+aC'(x) = b(bS(x)+aC(x))+a(-aS(x)+b(C(x)) = (b2-a 2)S(x)+2abC(x) =

(b2- a2)S(x) +:b(S'(x) - bS(x)) = 2bS'(x) - (b2+ a2)S(X).

Monyunnn toxpectso S"(x) - . bS'(x) -f (b2+ a2)S(x) = ., XxapaKTepUCTUUYECKOE YpaBHEHME
KoTtoporo umeet Bng A —26X + (B2 + a2) = 0. [Nlocnegosare/qlbHO HaxoAuM AUCKPUMWHAHT
) - «B2—4R —4a. = (2ar)2 n kopHn A = b+ ar. Taknum obpasom, S(x) = ebr(J1sinax -}
B cosax). W3 rpaHunyHoro ycnosus 5(0) = 0, nonyyeHHOro Bbille, Hangem, yuto B = 0.
C yyeTtom 3710ro S(x) = Aebxsinax. [anee, 13 nepBoro ypasHeHUs cuctemHi (10) Haingem
aC(x) = S'(x) —hS(x) = Aacosaxebx + Absinaxebx —Abs'maxebx. MpuBogn nNogo6HbIe,
nonyumm C(x) = Acosaxebx. Moactasnas ycnosne C(0) = 1, nonyyaem, uto (7(0) = A .
Ha ocHOBaHWIA BbMWUEH3/TOXEHHOIO NMPUXOAUM K BMBOAY, UTO pewleHns cuctemn (1)-(3) H.yx-
HO MUCKaTb B BUjE

(S(x) = exsinax,

| c(3;) = ebxcosax.

HenocpeacTBeHHOWM MPOBEPKON yoexgaeMcs, YTo Npu MH060M 3HaYeHNA b 3T pyHKLMK ByayT
YAOBNETBOPATL YKa3aHHOWM CUCTeMe.

7 O AONONMHEHUNN WUCXOAHOW CUCTEMbl ®YHKLWMOHANBHBLIX YPABHEHUI

Kak nokasaHO BbHMe, 4718 TOro, 4to 6bi cuctema (1)-(3) ogHo3Ha4yHO onpegensna doyn-
KuMn sin ax un cos(ax) Heobxoammo J06aBUTL YC/I0BME, ObecreymnBaroLLiee PaBeHCTBO b —o B
dhopmynax (11). B kayecTBe Takoro npeanaraetes B3ATb YCN0BME OrpPaHNUYeHNOCTN doyHKLNN
S(x) n C(x):

3M s Wxrax{]5(3;)], IC|} < M. (12)

Mokaxem, uto cuctema (1)-(3) v ycnosme (12) 0gHO3HAYHO ONPCACNAAT PYHKUMUN S(X)
sinwk H C(X) = cosax.

Cunayvana gokasbiBaetes (TOYHO Tak Xe, KakK 3TO Obifio efieNaHO Bbille),4YTO MMEOTMECTO
CooTHoweHusa (4)u (5).Notom wmpegnonaraem, 4to 3( : A(® 1lMpumveHsas [Ba pasa
dopmyny (5), nonyyum yto

o \_qi_C u  -SC-x) - s(x)
( ( A(-1)  A(X)A(-X)

OTkyga genaem BbiBofg, 4TO ¥YX A(X)A(—X) = 1. TMOCKONbKY
A(Q) >0, A(—) >0VA-) b IVA(DA(-] =1
TO 3HauunT 3i € {—£; (}, Takoe 4TO

At =T> 1 (13)



Moactasnsad BB (1) y -=X. nony4yaem, 4to S(2x) = 2S(x)C(x). Torga, npumMeHUB chopmyny
(5), nonyumm, 4to
— S(x)C(x —S(2x
S(-2x) —2S(-x)C(—x) = (€ X) =N r?(-f-)

C [p.yroit CTOPOHbI,

si-2%) = - %3

CpaBHMBas NocnefHUe Ba BbipaXeHWs, [eNaeM BbiBOA, YTO
A(2X) = A2(). (14)

Micnonb3ys MeTod MaTeMaTUYeckoin MHAYKUMW M cOOTHOLWeHns (13) u (14), nerko nokasatb,

yto Vn € N A(2n1) —Tn. loekoNbKy nocnefoBaTe/IbHOCTb TN BO3pacTaeT M HEOrpaHNYEHHa,

TO Bbibepem L Tak, 4ytobbi M° > 2M2. Torga A(2n4) - 5.(2"/) + C2(2n4) > 2M2, a,

3naumnt |52*°/)| > M v |C(2It9] > M, uto npotmsopeunTt (12). Mbi nokaszanu, uto A(.1) ¢

v, mrorga 3 (5 enegyet, uto S(-x) = -S(x), C(-x) = C(x). Haingem npwupaiueHuns u
NPOn3BOAHbIE:

S(x +y) - Six -y) = §(nNC(i7) + S(y)C(x) - S(x)Ci-y) - C(x)Sl-y) = 2C(j)S(y),

SY{t) = lim&Ai+Y)- & ~ VI=Um = C(x) imM = aC(x).

y>0 2y y=0 .y y=0 y
C(x +y) - Clx - y) = C@)C(y) - S(y)S(x) - C(X)C(-y) +S(r)S(-y) = --S(x)S(y).
C\x) =lim +V S - =limo 28(es{l) =- S fim s = -as{x).

Tenepb HailieM BTOPYHO NPOW3BOAHYHO
£'()) = (5'(n)Y = (aC(x))' - a(—asS(x)) = -a.5(.7).

Haingem rpanuunsie ycnosus: 5(0) = 0, 640) = aC(0) = a.
Takum 06pa3om, pynkuma 5(.r) aBnseTca pelleHVem cnepytollerd 3agadi! Konii:

y"+ay =0, /)=0, y())=a (15)

AHanornyHo nony4aetcs, uto pyHkumsa C(.T) ABngeTca pelleHnemcnegytowend 3agaydm Ko-
nii:
y '+ —, )= yh) = (16)
M3 KypcagHdepeHLManbHbiX ypaBHEHH H3BECTHO, YTO PYHKUMM Yy(X) = sinax u
y(X) = cosax ABNAKOTCA eAMHCTBEHHbIMW pelleHuaMU 3agad (15) n (16) COOTBETCTBEHHO.
HenocpefcTBeLL0 NpoBepseTca, YTO PYHKLUN

S(x) =sinax. C(x) = cos ay

YAOBNETBOPAOT (PYHKLHOHA/bHbIM ypaBHeHUAM (1), (- ) ¢ ycnosuamu (3) u (i), U MpoBe-
[EeHMNbil Bbillle aHaNW3 JOKa3biBaeT, YTO 3TO PeLUeHWe eJUHCTBEMHO B K1acce HEenpepbiBHbIX

pyHKUMIA.

Brisoabi

B paboTe nokasaHo, 4TO cucTeMa (OyHKLMOHaNbHbLIX ypaBHeHHI (1), (2) onpesensct gyH-
KLMK Sin ax 1 CoS ax TONbKO MPWY HaMyny LONONHUTENbHBLIX YCNOBUI, B Ka4ecTBe KOTOPbiX
MOXHO B3ATb Yycnosue (3), onucbisaroruee nosefgeHne YHKUUM S(X) B OKPECTHOCTH HYyNA,
M yCN0BMe OrpaHUYeHHOCTN PyHKUMIA S(X) 1 C(X). PeLueHWe CUCTeMM NPOBOAMIOCH MyTeM
CBeleHUs (PYHKLMOHaNbHbIX YpaBHEHHI K AudbdepeHLnanbHbiMm.
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The article shows that the system of the functional equations S(x +y) = S(xX)C(y) +
S(y)C(x), C(x +y) = C(X)C(y) —S(y)S(x) defines a broader class of the functions than
the trigonometric equations. The conditions, which must be added to this system to obtain
the unique solution have been developed S(x) = sinax, C(x) = cosax. The method of the
reduction of the functional equations to the differential equations is used.

Bennuko O.B., TkaueHko L.I. Tlpo KOpPEKTHICTb BW3HAYEHHS TPUTOHOMETPUYHUX CYHKLil
cuctemMoro pyHKUioHanbHUX piBHAHL // Kapnatcbki MaTemaTuyHi nyb6nikauii. —2011. — T.3,
Nol. - C. 15-21.

Y po60Ti nokasaHo, Wo cuctema PyHKLioHanbHUX pPiBHAHL S(X+Yy) = S(X)C(y)+S(y)C(x),
C(x +y) = C(X)C(y) —S(y)S(x) BM3Hauae 6inbll WMPLWIMIA Knac qyHKLi, HiXX TpUroHome-
TPUYHi. BcTaHOBNeHiI yMOBM, fIKi HeobXigHO fojaTu [0 Uiel cucTemMn, Wo6 BOHA Mana e€fuMHUIA
po3B’A30K S(x) —sinax, C(x) = cosax. Npu goBeAeHHIi BUKOPWCTOBYBABCA CNOCi6 3BeAeHHA
(PYHKLiOHaNbHUX PiBHAHb A0 AUMepeHLiAHUX.
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fepacumuyk B..,, Macniwouenko O.B.

KONMBAHHSA HAPI3HO JTOKAJIbBHO NIMWWLEBUX ®YHKL I

Mepacumuyk B.I.. MacntoueHko O.B. KonmBaHHS Hapi3HO NOKanbHO NiNWULEBUX OYHKLIA 7
Kapnatcbki MmaTemaTuuyHi ny6nikauii. — 2011, — T.3, Nol. — C. 22-33.

JoBefeHo, WO (PYHKLIA, AKa BU3HaYeHa Ha JOOYTKY BOX 6epiBCbKUX METPUUHUX MPOCTOPIB,
€ KONMBAHHAM [eAKOT Hapi3HO NOKanbHO NinNwunueBol OYHKLUIT TOAI | TibKW TOAI, KON BOHA €
HeBifl’éEMHOIO HaniBHEHEPEPBHOI 3BepXY (PYHKLIEHD, 3aMUKaHHA HOCIA AKOI € HAaBXPEeCT Hife He
WiNbHUM.

1 Bectyn

[JaHa pob6orTa ige B pycni uinoro pagy cratein 6araTtboOX maTtemMaTwukiB, Takumx Ak P. Ke-
Hwep, [x. BpekkeHpigx i T. Hiwiypa, 1l. Koctupko, . Esept, C. MoHomapbos, B. Ma-
CntoYveHko, B. Muxaintok, O. MacntoyeHko, B. Tepacumuyk Ta iH.. Lli ctatTi npuceayeHi
PO3B’A3aHHIO0 3adayvi MPO OMNUC MHOXMHW TOYOK PO3PUBY (PYHKLLIA 3 TOr0 Yn iHWOro hyH-
KLiOHa/IbHOro Knacy, a TakoxX il YTOYHeHOI Bepcii Mpo onuc KOAMBaHb (PYHKLiA 3 NeBHOro
(pyHKLiOHaNbHOIO Knacy.

3aranbHe hopMyntOBaHHA LMX ABOX 3afad BUrnagae Tak. Hexalh P —peska BNacTMBICTb
(pyHKUiA Ha neBHOMY TOoMonOriYHOMY npoctopi X.

3agava A. [And AKUX MHOXKHIT E ¢ X iCHYe Taka PYHKLUif / : X —>R, 10 Ma€E BNaCTUBICTb
P, ong aKoi MHOXMHa To4ok po3pusy D(f) pisHa E.

3agayva B. Ons akux QyHkuin g : X —[0, +00] icHye TakayHkyia 7/ : X >R, Wo mae
BnacTmeicTe P, gnqa akoi KonusaHHA Uf piHe A

B po6oTi [2] 6yno oxapakTepu3oBaHO MHOXMHY TOYOK PO3PMBY Hapi3HO HenepepeHO Au-
(hepeHUinOBHNX PyHKLIN na R2. Kpim Toro, B [1] 6yno HaBeAeHO MOBHWI OMUC KONMBaHb
Hapi3HO HenepepBHO AUepeHLINOBHUX (PYHKLiA Ha JOOYTKY LBOX CKIHYEHHO BUMIpPHUX MpoO-
CTOpPIB | Hapi3HO NI0KafIbHO NINWKWLEBNUX (PYHKLiA Ha LOOYTKY ABOX NOKa/bHO KOMMAKTHUX
MeTpUYHMX NpocTopis. Lii xapakTepu3saLii nonsrann B TOMY, LUO HOCI OYHKLIi § € NOKaNbHO
MPOEKTMBHO Hifle He WifibHMUM. TpoTe MepeHecTV Ui pe3ynbTaTy Ha BMMaAoK KO NpocTopu

2000 Mathematics Subject Classification: 54C30, 54C10.
KntouoBi cnosa i ppasn: KonuBaHHSA, w-priinitive, nokanbHO ninwuuesa PyHKUisA, Hapi3HO NOKaNbHO NinNWu-

ueBa pyHkuis, CE-yHKUif.
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He € N10Ka/IbHO KOMMaKTHUMW AOBLUMIA Yac He BAaBanocb. BMABNAETHCH, WO NPUYMHA NONS-
rac B TOMy, LU0 YMOBA /1I0Ka/IbHOT NPOEKTUBHOI Hife He LifIbHOCTI HOCif, AKa Aobpe npawtoe
Yy NOKasIbHO KOMMakTHOMY BMMNAAKY, He MigXO4WTb Yy 3aranibHOMY BUMafKy. 3aMiHHUKOM L€l
B/IACTUBOCTI € HaBXPECT Hifle He LWiNbHICTb 3aMMKaHHA HOCIid, ika B Ll po60Ti Ha3MBaEThCS
hv-Hige He WiNbHICTHO.

HacTynHi TeopemMn € rofoBHNUMKM pe3ynibTaTaMu L€l poboTn i 6ynn aHoHcoBaHi y |3 BoHu
BUNAMBaKOTb 3 Teopem 3, 4, 51 Hacnigky 4.1.

Teopema :. Hexaiht P Ta Q —peaKi nokanbHi 04HOPIAHT BNACTUBOCTI JilicHO3NAUYNHX (hyH-
KUit, SKi CUNbHIWI 3@ OKANbHY NinwnyesicTb, X —P-perynapHuit 6episcbKnit MeTPUYHURA
npocTip, a ¥ —Q-pcrynapnnit 6epiBCbKNiA MeTpUYHMA npocTip. Ans Toro, wob yHKLif
g \X x Y —R 6yna KonusaHHaM aeskoi PQ-dpynkuii / : X x Y —R, HeobXigH0 igocu T,
Wwob g byna HeBiJEMHOI naniBHeNepepBHOK 3BePXYy (DYHKLict, a ii Hocil suppr/ 6y Irr-nige
He WifIbHUM.

Teopema 2. Hexaili P —jesKa nokaabHa 04HOpPifHA BNACTUBICTb Jiicno3nauyHux QyHKLYii,
W0 CUMbHIWA 3a NoKanbHy ninwuyesicTs, X 6epiBCbKNA METPUYHMA mpocTip, a Y

P-perynapnnit 6epiBCbKNA MeTPUUYHWIA npocTip. Ana 'Toro, wob ¢yHkuis ¢ : X x V —R
byna konusaHHAM feakoi CP-dyHkyii / : X X Y —R. HeobXigHo i focnTb, WwWob g byna
HeBIf4'EMHOK NaniBHenepepBHOI0 3BepXYy (DYHKL i€, a i nociid supp<y 6yB hv-nige He WifbHUM.

2 Toukosa Ta nokKkanbHa AiNWMUeBicTb | AandepeHLiINOBHICTL

Ana meTpmuHmx npoctopie X Ta Y, BigobpaxeHHs / : X —Y, MHOXUHN E Cc X |
TOUYKM X € X noknagemo

= — TN —in- i- " ! .
N(E) x',SxL'J'EEE Tp - 1"\ -V N o «W)
X" gpx"*

®yHKUito Ay © X — [0,+00] Ha3MBaTUMEMO NiNWKULEBOI MOXiHOW BiLOOPaXEHHS /.
BigobpaxeHHsa / HasmBaeTbca ninwuyesum na E, akwo N(E) < +oo. Kaszatumemo, wp f
— IOKaNIbHO Ninwmnuese Ha X, AKWO 414 AOBINbHOrO X € X icHye Takuid okin U ToukmM X.
anga dkoro / € ninwuuesnMm Ha U. AcHo, wo / 6yae NokKanbHO MINWWLEBUM TOAI i TiNbKK
Tofi, konn A(X) < +00 npn x € X

BBefeMo Tenep MOHATTA TOYKOBOI NinwwuMUeBocTi. [ MeTpUyHUX npoctopis X Ta Y i
BifoOpaxeHHs / : X —Y BU3HAUMMO (OYHKLiLO

|f(x{|_ n.“f Sup_l_/_(.”::)_____j_(_z(l\_,y: ||Xn Sup__l__/_!_'_l_:_z___w_l__\{_' X/E\: Y(,

u- OKin X neun W —al n->x M —x\x
ngox
AKY Ha3MBaTMMEMO TOYKOBOK NiMWULEBOK NOXifHOW. PYHKUiA / HA3UBAETbCA TOYKOBO
ninwnuesot, Akwo /(1) < 00 Ang KOXHOro x € X.
Ak BigoMo 3 [5, €.473], AKWO BigO6GPaXeHHA MiX HOPMOBaHMMM MPOCTOPaMK Mae Herne-
pepBHY noxigHy lato, TO BOHa 6yae iT noxigHoto ®pelie. Moaudikytoun AoBeAeHHS LbOro
pesynbTaty, OTPUMYEMO HACTYMHWUIA (hakT.



TeepaxeHHs 2.1. Hexail X BIfKpUTA: MIAMHOXWHA [LeAKOr0 HOPMOBAHOT0 MPOCTOpPY
X, Y HOpMOBAHMI NpPOCTIp, i Bigo6paxKeHHa / : X —Y Mae N0KanbHO 0OMeEXEeHY 3a
HOpMOto MoXigHy 3a TaTo f . Togi X(x) = Iira_%ép //w) LnpH x € X, i TOMy f —10KaNbHO

niwwueHa., Axwo x f HenepepBHO AudepeHyinoBHa, To X/(X) = PlMx € X-

[osegeHHsa. Bisbmemo gesky Touky x € X i nosHauumo o = limsup ||/(/) |} 3adikcyemo

Aeske umcno 7 > n. Togi icHye onyknuid okin U Toukn .1, Takuid wo ||1/«]] <l npn u € U.
Mokaxemo, wWwo Xj(U) < 7. BizbMemMO ABi TOUKM U,,U. € U i AesSKUIA (PyHKLiOHAN Y € Y* 3
Iyl =i. Po3rnaHemo umcnoBy pyHKUitO

700 = Y*i{w + /(n2- M), fepo 1.

Ockinbkn / —pudbepeHLiitosHa 3a 'aTo, TO | —TaKOX AUepeHLilioBHa i

</(0 = |/*./'("i + oo - Vli))(|/|2 - "'|)> 1€ [0, ]

b'(01 ~ NYIL/'CA + &y - u)w - «ill <7IK - «ili

Ang KoxHoro i € [0,1], agxe u, +/(k -u,) € U. fani, 3a hopmynoto Jlarpamxa maTumemo,

Y (L12) - /070)] = |70) - 701 < v - M|}

Takum 4YMHOM, BMKOPWUCTOBYKOUM BIfJOMWIA HAcnifok 3 Teopemu [aHa-BaHaxa, OfepXyemo,
Lo
I/M - /(it)0l= sup |y*(/(u2) - /(u,) I<T7i]ii. - u]]
ny «ii=i

ANa JoBibHUX Ui, # € U. Onxke, Nf(U) < 7. CnpamyBasLUn 7 -)- tv, OAEPXYEMO HEPIBHICTb
Xf(x) <o.

Bisbmemo Terep 7 < tv. Po3rnsHemMo fAeskuid BigKpuTUin okin U Toukm x B X. Topgi
§.lé]p/|M(u)|| > a > 7. Orxe, icHye Take W, € U, gna akoro ||/wO0)]| > 7. Bisbmemo
i

¢ >0, gna akoro B(v.0,e) ¢ U. 3 03Ha4yeHHA HOPMU Yy CMPSXKEHOMY MPOCTOPI MaTUMEMO,
wo I/An(ell > 7 ana geskoro € €A 3 |Hl = 1 Takum ynHOMm,

7 < 11/Mell = Aw j|1/(u +te) - Z(uO)j}

Topi icHye Take fofaTHe i < ¢, and akoro |||/(uw +ie) —/ (uO)]] > - . Moknagemo u, = u. +ie.
Ockinbky . u, € U 1o

A(CH) > N GO0 =g 1I/M - /("0 > I-

TakuMm 4YmHom, X/(x) > 7. CnpsaMmyBaBlIK 7 —>0, 6ygemo Matu, wo \/(x) > tv. O

LLle npocTile 4OBOANTLCA HACTYMHWIA (hakT.

TeeppaXeHHsd 2.2. Hexa X  BigKpnTa NijMHOXWMHA feAKOT0 HOPMOBAHOro npocTopy X,
Y —HopMOBaHWUi npocTip, BigobpaxeHHa / : X ->Y —audepeHyitoBHe 3a ®Opewe if
i1 noxigHa ®pewe. Togi /() = |I17()]], x € X. 3okpema, / —TO04YKOBO NliNwWINLeEBa.

LosegeHHs. Cnpasgi, npn a € X mMaTUMeMO, IO 3 OAHOro 60Ky,

= limsupii/M-/wiit = JImupii/ "W("7) + W=  id» <
i—yx i X\ U—yx | (TAZ\N

limsi.pH /"M IH K " — ,~>11 + I Ne ~ *11)11 = liy.,,, 11,
U—yx L Eii
a 3 IHLWOro 6oky,

-/ (x)

N1V
”(X)‘Y”ﬁe?p TV '3 Ul

onsup AW - AN Nl ADI_ W/

=] Ilu - X
Omxe, //(r) = I (0]l O
3 JNlokanbHi BnactuBocTi pyHKLIi i P-perynaprni npoctopwm

Hexain X, Y, Z —TononorivyHi npoctopn, P —paeska BNacTUBICTb Z-3HAUNUX (PyHKLiA
Ha X, a Q — fesaKa BNacTUBICTb Z-3Ma4HUX (PYHKUIA @ Y. Kasatumemo, WO doyHKLis
/ . X XY —Z mae Bnactmeictb PQ, AKwWo 4na AosinbHUX ;1 € X iy € K qyHKuia Jy
Mae BnacTuBicTb P. a pyHKuis f x mae BnactusicTb Q (K 3BMYaHO, PyHKUii fy : X —Z
Ta fx : V —mZ BunsHauaoTbea dopmynoto fy(x) = fx{y) = I(x-y)): PyHKUII, WO MaAKOTb
BMIaCTUBICTb P, MM KOpPOTLUE HA3MBaTUMEMO Ha3MBaTUMEMO P-yHKLismMu. CyKynHICTb YCiX
P-cpyHKkUin / : X —Z nosHavyatumemo P(X,Z).

Hexalhi P — pesika BNacTUBICTb Z-3HaYHUX (PYHKUIA /, AKi BM3HAYeHi Ha BIAKPUTUX
NnigMHOXUHaX X. Mu Kaxemo, Wo P —o0KanbHa BNacTUBICTb, AKWO ANa AoBinbHUX G C
X i/ : G —R BUKOHYeTbCA, WO / € P-(pyHKLiEO TOAI | TiNbKN TOAI, KOAU ANA [AOBINbHOI
BiAKPUTOI MHOXUHN H C G 3ByXeHHa / I/ € P-chyHKui€t.

B uii poboTi MM 6yaeMO BMKOPUCTOBYBATW HACTYMHI SIOKaNbHI BNacTUBOCTI:

* C —neik'pepBHIC'Tb;

e L —TOuYKOBa NiNWWNLEBICTb;

e £ —i0KanbHa NiNWWLEBICTb;

« D —audepeHLiiioBHicTL 3a laTo;

o T>—andpepeHUilioBHICTL 3a PpeLue;

e C. —HenepepsHa AndepeHLi0BHICTb.

L=\ __!_I_ = limsu p---- "I I':NQ)('M.'." X) + «>( lin
u



BnactmBOCTI, MOB’A3aHI 3 NINWMLEBICTIO, CTOCYHOTHCA METPUYHMX NPOCTOPIB, & BACTUBO-
CTi, NOB’A3aHi 3 ANGIEPEHLIAOBHICTIO, CTOCYOTbCA HOPMOBaHWX NPOCTOPIB. [N BNacTUBOCTI
C'1 MM He BKa3yemo, fika AMIepeHUiNOBHICTL MAeTbCA Ha yBasi, ajXXe, HerepepBHa Audie-
PEeHLLiOBHICTb 3a ['aTO piBHOCMNbHA HemepepBsHili AudepeHLiiosrocTi 3a dpewc |5 c. 473].

Hexain An— TOMoNOriYHMin npoctip i P —paeska BNacTUMBICTb AiINCHUX OyHKUiA na X.
P-pyHkuia / : X —[0,1], taka wo /(a) = 11 f(x) = 0 npn x € X \ U Kasatnmemo, L0
BMIaCTUBICTb P € 0AHOPIAHOK, AKLWLO ANA AOBINbHOT P-doyHKLii / i yncna a € R dyHKuia a/
Ma€ BNacTMBICTb P.

TeepaxeHHs 3.1. KOXXHUA MeTPUUYHNIA NpocTip € C-perynsapHHM.

[osegeHHa. PyHkuUia ¢ : XK-» [(), 1], AKa BM3HAYaAETLCA (POPMYIOHD

1-n, W<i,

0, o e

o(x) =

€ ninwwuyesoto, npuyomy v?(0) = 11 Slippy = (-1,1)- Toai 418 MeTpUYHOro npocTtopy X,
TOYkM a € X i uucna ¢ > 0 matumemo, Wwo ana dyHkyii / : X —=a[0,1], aka BU3Ha4yeHa
hopmynoto f(x) = @(\\x - alX), x € X, BukoHyetbcs, wo /(a) = 1i supp/ = B(a,e).
Kpim Toro, ockinbkm |7 - a\x - W'- a]A < W - X"\x, TO Bifo6paxeHHs X - a]/xe
ninwuuesum. Tomy / —ninwmuesa, a 3Ha4uTb, | I0KabHO MiNWnLeBa. O

Hexain P —pesika BNacTMBICTb AiMCHUX (OyHKLiA. Ka3aTuMeMo, L0 HOPMOBAaHWMIA NPOCTIp
X € P-3rnafgoicyBaHnm, fKLWLO Ha HbOMY € Taka eKBiBa/leHTHa HOpMa, AKa Ma€ B/aCTUBICTb
P Ha X \ {0}

TeepaxeHHsa 3.2. Hexal P —ue ofHa, i3 snacTusocTeid D, V unm C: i X —BigKpnTa
nigMUOXMHA P-3rnagxXysaHoro HopMmosaHoro npoctopy X. Togi X € P-perynapHum.

[osegeHHd. [ob6bpe Bifomo, WO OyHKLIA @, SKa BU3HAYaETLCA (POpMYOHD
1

L4 N < 1

W= T ws
€ HenepepBHO (HaBiTb HeCKiHYeHHO) AndiepeHuinoBHOO, npuyomy " (0) = 0. OcCKinbkn gm-
(hbepeHLiOBHICTb BiAHOCHO €KBiBaSIEHTHMX HOPM PIBHOCW/bHA, TO BBAXaTUMEMO, LU0 BUXiAHA
Hopma I mll mae Bnactmeicte P Ha A" \ {0} Mokaxemo, wo i dyHkyia f(x) = o("™"\\x —a||),
X € X. Mae Bnactueictb P Ha Bcbomy A. TMo-nepiue, ockinbkn @(i) —/A0 = o(t) npn *—0,
10 f(X) —f(a) = </Y|t—a]]) —0 = of\\x—a]]) npn x — a. TakMm ynMHOM, noxigHa PpeLue
(byHKLii / B TOuLi a piBHA Hynt. Hexail px —noxigHa Bif HOpMKU B TouLli X. OCKiNbKK AN
LOBINbHOTO ¢ € A Maemo, LU0

O\ = 4™, yJIIX +i(i\- K70~ lel>

10 WAH < 1L Ane I'(x) = \@'(\\\x - allpx-a. Tomy \WW < \o' (W ~ a]]) = 0 = //(O)
npy X a Takum ymHOM, noxigHa (F'aTo um ®pelue) PyHKLii / HenepepsHa B Touli a. O

3a JoMoMOorot TeH30PHOro J06YTKY OYHKLiA Of4epXYETbCA HACTYMHWIA pe3ynbTar.

TeepaxeHHa 3.3. Hexail P Ta Q —paeaki 0gHOpPigHI BNACTUBOCTI JINCHOZHAUYHUX (PYH-
KUil, AKi CUAbHIWI 32 HenepepBHicTb, X —P-perynapHniA MeTpuyHui npocTip, a Y —Q-
PErynapnHi MeTpPUUYHNA npocTip, Toal X X Y ¢ PQ AC-perynapHHM.

okonn U Toukm a i V TOUKM 5, Wwo U x V C W. Togi icHytoTb P-cpyHKkuisa / : A — [0, 1] i Q-
pyHkuisg g 1 Y —[0, 1], Taki wo /(a) =g(b) = 1iJ\x) =g(y) =0npux € X\U iy € ¥'\K
BusHauemo dpyHkUito h : X x Y —R chopmynoto h(x,y) - f{x)g(y). Ockinbkun hji —f(x)g i
liy =g(y)f, T0 3 0ogHOpigHOCTI BnacTueocTen P Ta Q Bunimeae, Wo h € PQ-dyHKuieto. Kpim
TOro, /i O4eBMAHUM 4YMHOM € HenepepsHoro, h(u,b) = f(a)y(b) = . i h(x,y) = f(x)a9(y) z .
npn (1,y) $ U XV n

4 Heo6xigHi yMOBM Ha MHO>XWHY TOUOK pPO3puUBY CC- i EE-dbyHKLiNn

Hexalh A Ta Y —TtononoriyHi npoctopn i E,M C A X Y . M1 KaXeMo, WO M € 1i-okojiom
iV-0K0NOM/ MHOXWHK E, AKWO 418 AO0BiNbHOI TOYKN (X,y) € E iCHye Takui okin U TOUKK
X /V 1toukn y/, wo U x {y} C M /signosigHo, {x} x V C Mi. Akwo M € h-okonom r-
Oko/ioM/ 3aMuKaHHA E, TO KazaTumemo, Wwo M € h-0K0MoM MHOXMHM E. | HapeLwwTi, MHOXWHA
M Ha3uBaeTbes h,v-0k0n10M , hv-0K0n0M, Iw-0K010M, hv-0KONOM MHOXMHM E, AKLLO BOHA €
BiANoBiagHO A- un h-okonom E i v- um (-okonom E. MHOXuHa E HasuBaerbcs h- /v-, hr-,
hr-, hv-, lw-/ nige He WifbHOW, AKLLO ICHYE TaKa Hije He LWinbHA MHOXWHA A/, aKka € h- /v-,
hv-, hv-, hv-, hv-/ OKONOM MHOXWHK E. hv-OKifn iHaklle Ha3MBaeTbCA XPeCTOM-0KO/0M, a
//U-Hifle He WiflbHA MHOXWMHA — HaBXPecT, Hife He LWifbHOK.

Nema 4.1. Hexan X  TononoriyHuit npocTip, Y, Z  METPUYHI npocTopn, ~>,. /A
winbHa 8 X i1/ : A X Y —Z —HenepepsBHa BIAHOCHO Nepwoi 3MIHHOT (OYHKLIA, ANA AKOT
Xr (Y) <. npu XE€ A Togi / —HenepepsHa.

[osefeHHa. Tlo-nepiue, ocKinbky / —HenepepsHa BiJHOCHO MepLUOi 3MIHHOI, TO 414 AOBINb-
HAX X EA 1y, y" €Y matnmemo, Lo

fix, ¥) - H{xy\z = diw F1Y) - TIY")U < Jim A\ - y\Y <o -y

Mepesipymo Tenep, wo f — HenepepBHa. BisbMeMo ik € A, yO € Y i ¢ > 0. OcCKinbkK
/ — HenepepBHa BIJHOCHO MepLUOi 3MiHHOI, TO iCHYe TakuMi okin U Touku .r0, 4ng sKoro
\I\x- Y0) - f(x0,y0)\z < | npu X € U. Hexain V - B(y0,~). Tomi npu x € Uiy € V
MaTUMEMO, LLO

Ift*iy) - /(-x'o,yo)U < II'(X,Y) - f(x,yo)\z+ \f{x,yo) - /(-r'o, Yo)U <

iny- Yr +1 <.+, =-

Taknum yYnmHoM, / —HenepepBHa B TouULi (Xo ,Y0): M



Noma 4.2. Hexail X  TONONOTiYHUA NpocTip, Y, Z  MeTPUYHi npocTopu, V  BigkpuTa B
Y, >0iQyHkyis / : A XY —Z —HenepepsHa BIJHOCHO mepwoi 3MiHHOT. ToLi MHOXWHA

AV)={rellX(w n(xX xv)) :A,,(K) <7}
€ Hife He WinbHOW B X.

LosegeHHa. Hexaih U = iniA’l(v) i A= i/MNA; (K). Mpunyctnmo, wo U ¢ . . Toai, ocKinbkn
ADO, 10 3a nemoro 4.1 cpyHkuis / 6yae HenepepsBHa Ha U X V. Ane Le HEMOX/NBO, afXe
([/ x 1) TEX/) ® , . Takum umHoM, U =, , a 3HaunTb, AAK) —Hige He LlinbHa. O

Nema 4.3. Hexait X —06epiBCbKMIA TONONOTIYHWA NPOCTIp, Y, Z —MeTPUUHI NPOCTOpPYN i
/X xY—YZ GC-gyHkuis. Togi mHoXnHa D(f) € hv-Higc He WinbHow.

[osefeHHsa. [lepeBipMMO criovatky Mige He WiNbHICTb MHOXWUHKM £>(/). Hexaih D(f) He €
Hije He LWifbHOK. TOAI ICHYHOTb Taki BIAKPUTI HeNnopoXHi MHOXUHKM U0 C A" i \QC Y, wp
W x M) C D(f). BisbMmemo gesike 40 € LI i noknagemo W = g N B(yoi £m 3a nemoto 4.2
MHOXWUHK [ ,M> = —Hife He WinbHi. 3adikcyemo feske X € 60- Ockinbkun Mx(i/0) <
el-oc, TO icHye Homep T > JI/.1(yo). Aani, 3HangeTbea n € N, ana akoro \f*(\Vn) < ni. Ane
(x,y0) e o XM ¢ £>7(/) Tomy X€ nt,, Takum ymHom, G. C (J JIT,,, LIO CyrnepeyunTsb

nn=1
6eposocTi A.

Tenep, OCKiNbKW / € Hapi3HO HenepepsHOO, TO 3 [, Theorem 6.4, Proposition 6.2] Bu-
nnueae, wWo D(f) ¢ o-HaBXpecT Hife He LWifbHO (TOO6TO NOJAETHCA Yy BUMNAALI 3M1IYEHNOro
00'eHaHHA HaBXPEeCT Hife He LWifbHUX MHOXWH). KpiMm TOro, Tam nokasaHo, LIO AOBi/ibHa
nige He WWinbHa i 0-HaBXPECT Hife He WWiNbHAa MHOXWHA B OOYTKY METPU30BHMX MPOCTOPIB
€ HaBXpecCT Hife He winbHoto |}, Proposition 6.3]. Takum ynHoM, MHOXuWHa D (f) € HaBxpecT
Hije He Li/IbHOH. M

Teopema 3. Hexait X  6epiBCbKWI TOMONOTIYHWA NpocTip, ¥, Z  MeTPUUHi npocTopH i
/A XY ->Z —CC-yukuia. Togi mHoxuHa D (f) € hv-Hige He wWinbHoMw.

OosegeHnd. 3a nemoto 4.3 MHOXuHa D(f) ¢ hv-Hige He wWinbHOO. TOMY 3anMLLAETLCA Mepe-
BIPUTU TYHiJe He WiNbHICTb MHOXUHK D(f).

3a Teopemoto CTOoyHa [4, c.414] icHye NOKa/fibHO CKiHYeHHe MOKpPUTTA VA npoctopy Y,
LLO BMuUCaHe B NMOKPUTTA Y KynaMmu pagiyca Topi ons KO)KHOFO \4 € V,, matnmemo, Lo

diamV' < Moknagemo Mn = 1) (An(V) x V) i M = [J Mn. 3a nemoto 4.2 MHOXWHM
VeV n=i

A, (V)  Hige He wWinbHi. TOMy 3a paxyHOK /10Ka/ibHOI CKiHYeHHOCTI V,, MaTuMemo, o Mn

Hige He LiNbHI.

Mokaxemo, Wwo M —Hige He winbHa. Hexah G, —peska BifKpUTa HEMOPOXHA NigMHO-
XnUHa A x Y. Ane 3a nemoto 4.3 MHOXMHa D(f) —Hige He WwinbHa. TOMY ICHYHOTb BIAKPUTI
HernopoXHi MHOXMHM W C X i M Q YiTaki, wo W x M C Go \ D(f). Bisbmemo feske
Y € \0 i 3Hailgemo Takuii Homep T, gns akoro B(yo,”~) C M. Hexah L, = B(x,-") i
A\ WxV].

Mokaxemo, wo Gj MMn =, npu n > m. Cnpasgi, Hexat Gi M Mn ¢ 0. Bisbme-

o (xX\,y\) € G\ N Mn. Togi icHye V € Vn, Take wo (xi,r/i) € An(V) x V. 3HauuTs,

xi € An(V) C DiX{D(f) M(A x V™). OTxe, icHye Y2 € Va, ana akoro (xbYy2) € D(f). Toai
Y2 &B(Y0, £), apxe (Uo X B(y0,7~)) nD(f) = 0. Tomy \y2 —Yo\y > BpaxyBaBLlu, L0
Yo —\\y < matumemo, wo N < Y2—yi\y < diamK < V Takum uunom, n < m.

Tenep, KOPUCTYOUYUCH Hife He WiNbHICTIO MHOXMUH MN MaTumMemMo, WO BifKPUTA MHOXUHA
m

Go = G\ \ [J Mn — nenoposxns, npuuomy G2DAIN = o ans koxworo ). Tomy G2 C Gn\Al.
n=1
OTxe, M —nige He wWinbHa.

Dosegemo, wo M € r-okonom muoxuuu D(f). Bisememo (X'0,Y0) € D(f). Ockinb-
kn \}*0(yo) < +00, TO ICHyE HOMep Mo > \/*0(¥Y0). Oani BI3bMeMO '\ > Mo, gnsa sKoro
A/ro(B(yo, —)) < v.Q Moknagemo N = max{n0,ni}. Ockinbkn V,, nokpueawTbL Y, To iCHye
V € W, ana akoro yo € V. Ane diarnK < 4 < i. Tomy V C B(y0, £). Omxe, \f*u(V) <H.
Takum uuHom, {x0} x VC Mn C M. O

Hacnigok 4.1. Hexah A, ¥, Z - MeTpuUuHi npocTopu, npuyomy X Ta Y  6episebki, i
/A XY —=Z —CC-gynkuisa. Togi MHOXUHA D (f) € hv-Hige He WinbHot.

5 Mo6ypnoBa pyHKLiIA 3 AaHMUM KO/IMBaAaHHAM

Ona dyukyii / 0 A —>R BepxXHA Ta TaicHA rpaHuyHi QyHkuii /V,/A: A —R susna-
yaroTbcs popMmynamu

/v(x) = limsupf(u), ZA(x) = liminff(u). xe€ X
n—X U yx
Ak BigoMo, KonueaHHA yHKUIT / : X —>R o6uncnoeTbca 3a popmMynoto ujjli= /v —/A.
MigMHOXUHY S meTpuuHoro npoctopy X HasnMeBaTUMEMO S-BiAOerMHOIO, AKWO HepiB-
HicTb |S—t\X > € BukoHyeTbca ana foBINbHUX pi3HMX Touok S, | € S. Kazatumemo, wo S

BrAOKPEMHA, AKWO BOHa € €-BiJOKPEMHOI ANA feskoro € > 0. MHOXWHY S HasuBaTuMemo

»
a-AUCKPETHOW, AKWoO iCHYe MOCNIAOBHICTb JUCKPETHUX MHOXMWH Sn, taka wo S = (J Sn.
n=i
Nema 5.1. Hexalh X — meTpuyHuit npocTip i E C A. Toai iCHYye 0-AUCKPeTHA, MHOXMWHA
SCE, Takawo S DE

L[ 0BeeHHA. AcHO, wo £-BifOKPEMHICTb — LE BNAaCTUBICTb CKiIHYEHHOro xapakTtepy. Tomy
3a nemot Tenxmiwonnepa-Tbioki |4, ¢ 12] ANA KOXHOro HOMepa n IiCHYe MakKcumanbHa,
--BifoKpeMHa nigMHoXXnHa SN MHOXUHKM E. 3a paxyHok MakcumanbHOCTIi MaTUMeEMO, Lo
ANA poBinbHOro Homepa N i Toukn x € E icHye s € Sn, Take wo |x-.s|x < - Takum 4yuHOM,
0-AUCKpeTHa MHOXWHa S = 1) Sn 6yae winsHow B E. O
n=1

B nonepeHin nemi 0-fUCKPETHA MHOXMWHA NOJAETLCA Y BUTNALI 3N1i4eHNOro o6’efHaHHA
BiJOKPEMHNUX MHOXMWH. [poTe BUABNAETLCHA, WO TaKy BNACTUBICTb MakwTb BCi 0-AUCKPEeTHI
MHOXWHWN.

Newma 5.2. Hexail X —MeTpUYHMIA NPOCTIip i S —0-AUCKPeTHA I'II/J,MHO)KI/IHa X . Topi icHye

N3 IHKTHA NOCAIJ0BHICTb BiJOKPEMHMX MHOXMH Tn, Taka Wo S = |_| Tn.



[oBejeHHA. 3acTOCOBYHOUM MipKyBaHHA neMu 5.1 [0 LeAKOT AUCKPETHOI MHOXWHM E. no-
6yayeMO NOCMIAOBHICTb BiJOKPEMHUX MHOXMWH, 00’€¢HaHHA AKUX LWiNbHE B £, a 3HAUYUTb, |
piBHe E. TakMm YMHOM, i ANA 0-BUCKPETHOI MHOXWHWU S ICHYE MOCNILOBHICTb LeAKUX Big-

O 71—1

OKPEMHUX MiIAMHOXMH Sni Taka wo S = (J Sn. Moknagatoun Tn = Sn \ (J Sk, matumemo,
n=I fc=I

Wo Tn —BIiJOKpemHi i S = [J Tn. O
n=:

Newma 5.3. Hexat X mMeTpuyHuit npoctip i g : X —[0, +00] fjeqka HaniBHenepepsHa

3BepXy (OyHKUis. Togi icHye pyHKUis h \X —[0, +00] 3 0-AUCKPETHUM HOCiEM, Taka L0

M~ - .

LosegeHHd. Hexah <@+= Qn(0, +00). [na KoxHoro € € Q+ noknagemo F- =/ _:([s, +00]).
OcCKiNibKN oyHKLIA / —HaniBHenepepaHa 3Bepxy, T0 MHOXUHNU B —3amkHeHi. 3a femoto 5.1
ANA KOXHOro € > 0 BnbepeMo 0-AUCKPETHY MHOXWHY SV, Taky wo S£ = Fe. MNoknagemo

S= (0 S ih—yxs. e Xs ~ xapaktepuctuyHa oyHKLis MHOXMHM S. TMokaxemo, Lo h
£ Qr . L : : o
- wWykaHa. Mo-nepwe, Noci PyHKUii h piBHWIA S | TOMY BiH € 0-4UCKPETHUM. [ani, OCKiNbKu

h <ii i 0 —HaniBHenepepBHa 3Bepxy, To hy <gv =g.

3anuwmnocb aosectu, wo Ir >g. Hexai ue He Tak i 4ns geskoro X0 € X BUKOHYETbCH,
wo /~(x0) < a(xo)- BisbMeMo € € Q+, Take wo Av(.10) <¢& < 4(x0). Togi x0 € E¢. 3 iHworo
60Ky, icHye okin U Toukm ,70, Takmi wo h(x) <e¢ npn x € U. Ane X, 6-E€ —S£ ToMmy icHye
4€E Sr MU. Togi h(s) =4(.4 > €, WO HEMOXNBO. O

Nema 5.4. Hexain X MeTpuYHWii npocTip, G BifkpuTa HigMHOXNUHA X | S q-
fUCKpeTHa nigMHoXuHa X, Taka wo S C G\ G. Togi icHye cim’a (”,,)sednersi BiKpUTUX
HEMOPOXKHIX MIZMHOXUH G, ANA AKOT BUKOHYI TbHCA HACTYMNHI BNACTMBOCTI

) EACGnNpn s€S Tan €N,;

(if) gns goBinbHOro s €S BUKOHYeTHCA, Wo U —unpu n —00;

(W) ana gosinbHoi mroxunu T CS cima ([/') r? N—puckperna na X \'T.

[e]e)

[osejeHHs. 3a nemor0 5.2 iCHYHOTb BIJOKPEMHI MHOXWHWU 7%, Taki WO S = ng:i Hexai

MHOXMHU I\ € 3r’\.|-(Bi,q0erMHi, npuyomy He byge o6MexeHHAM BBaxatu, wo < 1li¢, |0

Moknagemo Sk = U Tj. 3apa3 Mu iHAYKLIE MO K BU3HAYMMO CiM’i (U’\)teTAnBN BIAKPUTUX
i=i -A

HEMoOpPOXHIX MHOXWH Tak, 06 BUKOHYBa/NUCb HACTYMHI BM1aCTUBOCTI:
L ¢ Gn B(t, nput €ETkin €N, (1)

cim'a (L, )BexlMEM - AM3’HOHKTHA. ()

Mpunyctumo, Wwo ana geskoro AE N Npnj < K yxe Bu3HadeHi cim (Ufy T n&wrak, Wwo
BUKOHYIOTLCA BM1IAaCTMBOCTI aHanoriyHi o (1) ta (2). Bisbmemo t € Tk i MO6YAYEMO MHOXWHU
(7. OCKiNnbKN BiIAOKPEMHI MHOXMWHUW € 3aMKHEHUMW, TO MHOXWHA I TAKOX € 3aMKHEHOH0.
Toai icHye € > 0, ans akoro B(t, 2¢) MSk . = . . 3HaunTb, 3a paxyHok (1), B(t,e) Mi/* =,

npu 4 € Sk-i i —< g aAxe g < 1 BpaxyBaBlu, Wo CiM’i (B(i,eA) — AVCKPEeTHI npwu

3 Al
j < K iBukopuctaswm (1) matumemo, wo cim’s (U*)t&K n<l — nokanbHO CKiH4YeHHa. Tomy

@
B(i.e)n U (JwsC U WJi/t= (J vilco?»
N-: SGSK-1 ri<- n<-
Omxe, MHoxuHa U —X \ U U U* ¢ okonom Toukm e. Tomy Ana MHOXuHKM Il = GnU
seSk-1n=lI

mMatuMemo, wWwo t € H. 3aanwmnnock, iHAYKUIEHO No n nobynysaTu NOCMAIAOBHICTb BiAKPUTUX
HEMOPOXHIX MHOXMH Un Tak, wob6 GA C H ) B(t,”) i nocnigosHictb (UMN)~  6yna 6u
AWN3’OHKTHOHO.

[Josesemo, Lo nobygosaHa cim’a (i/*) € LWyKaHot. Mo-nepuue, 3 Bnactusocten (1A
BUNIMBaOTL BnactusocTi (r) Ta (rr). Mepesipumo (rir). BisbMemo T C S 1 Touky x € X \T.
3yBaXMMO, LLUO 3 BMAaCTMBOCTEN (2K) BMMNAMBaE, WO cim’s (UN)Ii€mEN ~an3’toHKTHa. Tomy
[JOCTaTHbO MepPeBipUTU NOKaNIbHY CKiHYeHHICTb ciMm’T (U”) TneN B Touui X. ANn8 LpOro Bi-
3bMemo Take € > 0, wo B(x,2¢) MT =, . Toai 3a paxyHoK (1) matumemo, IO MpU H > -
BUKOHYETLCA, WO " 1 <e¢g atomy ULTMB(x,e) —O0 HpH t € T. dani, ockinbkn i 0,
TO ICHYe Ky ana fkoro € < ¢ Togi B(x,e) MU[ —O0 nmpuj >k it € T I1'l). Ane cim’i
(B (i, Sj)) 1eT —puckpeTHi. Tomy Ans fosinbHMX n Taj cim’a (Un)leT TakoX € LUCKPETHOH.
TakuM YMHOM, Cim’A (i'!il,t_e[l"mw —I0KaNIbHO CKiHYeHHa B TOuLi X. O

Nema 5.5. Hexait P —peaka 0fHOpigHa NoKasbHa BNACTUBICTb AiACHO3NAYHNX (DYHKLIMN,
AKa CUbHIWA 32 HenepepBHICTb, X — P-perynapHuin meTpuyHuid npoctip, G BIgKpK-
Ta nigMmHoXunHa X i g : X —[,-foo] — Taka nanisnenepepsna 3BepXy (YHKYif, w0
E =suppi/ C G\G. Togi icHye ¢yHkuis f : X —R, wo 4 =g, sup])/ C G i 3ByXeH-
HA /\\E ¢ P-pyHKLicK.

LosegeHHa. TMepw 3a Bce Bmbepemo h 3a nemoto 5.3 i noknagemo S = supph. Togi S C
E C G\G [Mdani nobygyemo cim'to (” )sedneN 3a nemoro 5.4. ONns [OBiNbHUX 4 € S i
n € N Bnbepemo fesky TOUKy an € i/*. Ockinbkun X € P-perynsipHum, To icHye P-doyHKLis
: X —R, 1aka wo <\(«*)) = 1isupp”™ C U] Oani, Hexah A = min{n,h(s)}.
Moknagemo f(x) = ~ \@ipa(x), x € X. [oBeaemo, WO PyHKUia / LWyKaHa.
A (x) LM pa(X) floses Lo cpyHKL, y

Mo-nepuwe, supp/ = (J suppef C (I U, C G. Oani, ockinbkn cim’a (") ves,,eN
seS,neN SES,neN

—anckpeTtHa no3a S C E, i BnactmeicTb P € flokanbHOKO Ta ofHopigHowo, T0 /|Aw € P-
yHKUi€t0. 3anuwmnnocs gosectun, wo Uj = g. Ane /v = ¢g. Tomy AOCMTb MNoKasaTu, LIO
h <uif <g. Ockinbkn P cunbHilwa 3a HenepepsHiCTb, TO / —HenepepsBHa Ha X \ E. Tomy
ujf(x) —0 =g(x) = h(x) npn x € X \E. 3aduikcyemo x € E. Togi f(x) = /ZA(r) = 0. OTxe,
¢jf(x) =,I(x). Tomy gocutb gosectn, wo h(x) < /v(x) < g(x)-

MepeBipMo cnoyamrky HepiBHicTb h(x) < fy(X). Akwo xS, 10 h(x) -- 0 < jy(X)-
Hexain Tenep x € S. Togi, OCKi/IbKN a* —>X, TO

fv(x) = Iirg S_Fp/(?/,) > ”rFﬁAP / (a¥) =nlim N = 'ﬂw min{n, h(x)} = h(x).



[oseaemo Ternep HepiBHICTb /v(X) < y(x)- Bi3sbMemo € > 0. OcKinbku j — HaniBHene-
pepBHa 3BepXy, TO iCHYe Takui OkKin U Toukmn X, And gkoro g(n) < y(x) + e npun € U.
Hexan T = S\ U. Togi cim’d
t €T in €N Tomy icHye okin V Toukn X, Takmn wo V. C Ui VIM=0 npmt €T i
n e N Togi npuv € V MaTMMeMo, LLIO

m f(v) As < sup h(s) <suph{U) < supg(U) <y(x) + &

<

seSrSdu/?neN sesnu
Toai 7v(x) < supf(V) < y(x) + ¢ CrnpamoByloum € —>., OAEPXMMO MOTPIOHY Hepis-
HICTb. O

Teopema 4. Hexal P Ta Q —feAKi NoKanbHi 04HOPIAHI BNACTUBOCTI JINCHOZHAUYHNX (PYH-
KU, AKi CUNbHIWI 3@ HenepepBHicTb, X —P-perynapHuit MeTpuyHnii npocTip, a Y —Q-
perynapHnii MeTpuunnii npoctip i ¢ \X x Y — [0, +00] — Taka HanigHenepepsHa 3BepXy
(QYyHKUIA, Wo iinocin suppy € hv-Hige He winoHa. Toai icHye PQ-yHkyis f : X x Y =K,
Taka wWwo Uj =g.

[osefeHHs. Hexan M — pesakuid nige He WiNbHUA hv-0Kin MHOXWMHU E = suppy | G =
(X x ¥)\M. MNMoknagemo P, = PQ AC. 3a nemoto 3.3 fo6yToK X X Y € Po-perynspHum.
3actocoBytoumn nemy 5.5 go BnactusocTi PO, oyHKLIT ¢ i MHOXUUK G, NOGYAYEMO (PYyHKLLitO
/ X xY —=K, taky wo o/ =g, supp/ ¢ G i /](xxy)\* ~ Po-cpyHkLlls. Josegemo, wo / €
P Q-hyHKLUi€lO.

BisbMeMo (x,y) € A" x Y i nmokaxemo, wo fy e P-chymkuiero. Akwo (x,y) ¢ E, 10
3ByxeHHA / Ha okin (X x Y) \ E Toukn (X, y) ¢ Po-tpyHKuieto. Tomy 3BYxeHHs fy na
LeaKUIA BiAKPUTUIA OKiN TOYkM X € P-cbyHkuieto. Hexain Tenep (X,y) € E. Ockinbkn M ¢
hv-okosom E, To icHye BigkpuTuiA okin U Toukn X, ana skoro U x {y} C M. Ane f piBHa
Hyno Ha M. Towmy fy piBHe Hynto Ha U. Ane HynboBa (PYHKLA Mae BnacTueicTb P, afxe
P —ofaHOpigHa BNacTMBICTb. TakMM YMHOM, ANS KOXHOro X € X 3BY)XeHHSA fy Ha Aedkui
BIAKPUTWUIA OKiN TOYKM X mMae Bnactueictb P. OTxe, fy € P-doyHKuieto, agxe P —nokanbHa
B/1IaCTMBICTb. AHaNOriyHoO JOBOAMMO, WO f X Mae BnactmeicTb Q. O

Teopema 5. Hexail P —peska nokanbHa OJHOPiAHA BNACTMBICTb AiliCHOSHAYHUX (DYHKLIN,
9Ka CUNbHIWA 3a HENEPEPBHICTb, X —METPUYHNIA npocTip, @ Y —P -perynsapHuit MeTpPUUHNIA
npocTipig : X XY —[0, +00]  Taka HaniBHenepepsHa 3BepXxy (YHKLis,, Wo i HOCIA suppy
€ hv-Hige He winbHum. Togi icHye CP-thyHKyis f : X X Y —=R, Taka o coj =y.

LoBeaeHHA. Hexalhk M — feskuid Hifle He LWiNbHUA AG-OKIN MHOXWHU E = suppy i G =
(A" x Y) \ M. MNMoknagemo PO—CP AC. 3a nemoto 3.3 o6yToK X X Y € Po-perynsipHum.
3actocoBytoun nemy 5.5 10 BNactMBOCTI Pg, pyHKUITY i MHOXUHN G, NoByayeMO (PYyHKLitO
f X xY —=lWTtaky wouj =y, supp/ ¢ Gi/](xxK)\8 ~ Po-pyHKLiq. [osesemo, wo / €
CP-tpyHKLji€lO.

Bisbmemo (X,y) € X x Y i nokaxemo, wo fx € P-cyHkyieto. Akwo (x,y) 0 E, TO
3BY)XeHHs / Ha okin (A" X Y) \E Toukm (X,y) € Po-pyHKUiet0. Tomy 3BYyXeHHS f X Ha
OEeSKUI BILKPUTUIA OKiN TOUKM Y € P-oyHKUieto. Hexalh Tenep (X, y) € E. Ockinbkn M €
/w-okonom E, TO icHye BigkpuTuid okin V 1oukmM y, ansa akoro {x} x V. C M. Ane / pisHa

T N—paucKpeTHa B TOuUI X. AneUgC G $ x npwm

Hyno Ha M. Tomy f X piBHe HynO Ha V. Ane HynboBa (PyHKLiA Mae BnacTueicTb P, afxe
P —opHOpigHa BNacTMBICTb. TakUM YMHOM, AN KOXHOI0 X € X 3BY)XEHHS /X Ha JesKuid
BIAKPUTWIA OKiN TOUKM Y Mae BnacTueicte P. OTxe, fy € P-doyHKUi€EO, agxe P —nokanbHa
B/IACTUBICTb.

[Josefemo, WO fy — HemepepsHe B Touui X. Akwo (X,y) E, 1O u)f(x,y)=g(x,y)=0.
Otxe, / —HenepepsHa B Touli (x,y). A Tomy fy —HenepepsHe B Touli X. Hexain Tenep
(X,y) € E. Ockinbku M € hv-0KONOM MHOXMHWU E, TO icHye Takmin okin U Touku X, 4N
akoro U x {y} C M. Togai cpyHkuia fy pisHa Hymo Ha U, a 3Ha4nTb, BOHA HeMepepsHa B
Touui X. O
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continuous non-negative function which has a crosswise nowhere dense closure of its support.

lepacumuyk B.I., MacntoueHko O.B. KonebaHus pasgenbHO NOKanbHO NUMLWIMLEBLIX (QyHKLWIA
LL KapnaTtckue matematudeckume nybnmkaumm. - 2011. —T.3, Nol. — C. 22-33.

[okazaHo, UTo (PyHKUUS, KOTOpas onpejeneHa Ha HPOU3BeAeHUN ABYX G3POBCKUX MeTpuye-
CKUX MPOCTPAHCTB, ABNsSeTCcA KonebGaHMeM HEKOTOPOI pa3fenbHO 0KaNbHO UMLLWLEBON (hyHK-
UM TOoraa 1 TONbKO TOFAa, KOorfa oHa HeoTpuuaTenbHa MoNyHenpepbiBHA CBEPXY W 3aMbiKaHue
ee HOCUTENs HaKPecT HWUTAe He WIOTHO.
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FIIbBEEPTOBI MPOCTOPU CUMETPUUHUX AHANITUYHUX
OYHKLIN HA /,

Fony6yak O.M. Tinb6epToBi MPOCTOPU, CUMETPUYHMX aHaNiTUUHUX YHKLUiA Ha I\ / Kap-
naTcbki maremaTuyHi nyb6nikayii. — 2011. — T.3, Nd. — C. 34-39.

B po60Ti po3rnsgHyTO NOMOBHEHHSA MPOCTOPY CUMETPUUYHUX NONIHOMIB Ha I\ BifJHOCHO AeaKol
rinb6epToBOT HOPMM | LOCNIAXKEHO YMOBU, NPU SKUX OTpUMaHWUii npocTip 6yge NpocTopoM aHa-
NITUYHUX DYHKLIA Ha Po3rnsiHyTo 3B’A30K 3 abCcTpakTHMMMK npocTtopamu Poka.

Bctyn

Hexaii X — niHiliHWii HOpMOBaHWn npocTip 3 6e3ymoBHUM 6Gazucom Hag nonem K. dyH-

Kuis / © AA—> K Ha3uBaeTbCAd CUMeTpUYHO, AKWOo /(Y] XkK) = /(N whle<(®) ans
k=1 K=\

LOBINIbHOT MiACTAHOBKN 0 Ha [eAKiN CKIHYEHHI NiAMHOXWHI HaTypanbHuX yncen N.
®yHKLig P : X —K Ha3mBaeTbCA MOMIHOMOM CTeneHs M, Akwo P = Pg+ P\+ ..+ Pn, ge
[\(X) - IX(X,X,....T) i Bb € Ze-niHiiHOWO chopmoto BN : X X X X -+ X X —K ANS KOXHOro
v <k <n. TMNpn ypomy PO = const i Pn ¢ O.
PosrnaHemo npoctip I\ abCoNtOTHO CyMOBHWUX MOCNIJOBHOCTEN HAZ MOMEM KOMMIEKCHNX

yucen C: ix = {(Xb.r", )] ZT=1 Xk\< °°}-
MpocTip cuMeTpUYHUX noniHomie Ha I\ nosHaymmo Ps(f.i). Bigomo, o noniHomu

[e]e)

pk{x) =X Xl
i=1

YyTBOPIOKOTH anrebpaivuHunin 6asmuc B PS{1\). Takox Bigomo, Lo noniHomu Burnagy P\ = Pg, m
Px2m.. mP Xn yTBOPIOOTH NiHiHMIA 6a3nc B Pa(ii), ae P\k{x) = ™™ A= (Ai, A2, -+, Am)
-- lesike po3bUTTA HaTypasbHOro ymucna n, 10610 Ai + A2+ ... + AT =n.

CUMETPUYHI aHaniTUYHI (PYHKUIT Big HECKIHYEHHOT KiNbKOCTI 3MIHHUX A0CAIAXYyBasnUCh
B po6oTax [3, 4, 5]. ¥ uiin poboTi MM pPO3rnsgaemMo rinb6epToBi NPOCTOPKM, MOPOMKEHI CUMET-
PUYHMMU MOMIIHOMaMK Ha i\. i BCTAHOBNHOEMO YMOBM, MPU AKWUX eNeMeHTU LMX NpOCTOpiB

2000 Mathematics Subject Classification: 46J 15, 46J20, 46E15.
KnwouoBi cnosa i dpasn: CUMeTPUYHI aHaniTUYHI (PyHKUIT Ha 6aHaxoBMx npoctopax, rinb6bepToBi nNpocTopu

aHaniTUYHNX YHKLIN.

©lronyb6uyak O.M, 2011

OyayTb aHaniTUYHUMK (PYHKLUiSMK Yy fedkidi obnacti Q ¢ I\ Y nepwomy posgini JoBeAeHO
3aranbHUA pes3ynbTat, AKWUIA OLiHIOE pagiyc Kyni B t\, Wo MicTUTbCa B Q Y gpyromy posgini
NnokaszaHo, Wo Q B 3arafibHOMY BMMafKy, He 36iraeTbCa 3 L€ Kynero, i nobygosaHo Q Ans
OAHOr0 KOHKPeTHOro BuMafKy, BUKOPWUCTOBYKOUM abCTpakTHI npoctopu Poka.

PosrnaHemo na Ps{i\) gesknin ckanapHuii gooytok (P\. Pu) = DyOxy, ae 6\ — cvmBon
KpoHekepa, B\\ = b\ > 0. laHnii cKansapHUiA OOYTOK MOPOAXKYE HOPMY

NI = n/{Px,Px) = \AlI-

MonosHeHHs npoctopy PS(Ci) BigHOCHO fgaHoi Hopmy no3Haunmo ]IS(C(). B ujin pobori
LOCNILKYHOTbCA YMOBM Ha b\ npu akux npoctip Hs(i\) € NpocTopoM aHaniTUYHUX (PyHKLR
B Aeakiin o6nacti i\

Ha npoctopi Ps{t\) TakoX MOXHa BM3HA4YUTU HOPMY

IMIHmp = sup |P(X)].
X<

Nerko 6auntn, wo ||Pajawp = 1

1 MpocTip aHaniTUUHUX PYHKLUIN

OueBnHO, IO 3HAYeHHA B ToYUi X € i\ nopomgxye oyHKUioHan gx : P >> P{x). P €
Ps(ii). Mu po3rnaHemMo MUTaHHA: HPU AKUX X (PYHKLiOHAN X Byfe HemnepepsHUM?
MpunycTnmMo, Wo Ans feskoro X € €], dx —HenepepsHMiA. Togdi MOro MoXxxHa NpPoLOBXUTH
3a HenepepBHICTIO 4O NiHINHOro doyHKUioHana Ha //.(/4). 3a Teopemoto Pica iCHye enemeHT
Rx € Hs(£i), Taknid wo
(P) =P(x) =(PPX.

3HalaemMo Leil eNeMeHT.

%Kiu,o Takuit enemeHT I%( ﬂHye Ta OCKifNbKK P\ —Pé}\ — OpTOMOpPMOBanNnn Basuc B
o v»
Ar=T-% W | =T~p”")- (@)
A V-\N VAN A

OTXe, RX € BU3HAYEHUM AN TUX eIEMEHTIB x, Ana akux pag (1) 3biraetbea B Hs{(-).
3Hangemo 06nacTb 36DKHOCTI AaHOro pALY.

Px <
in,~ 1X DxPA- H, - X 11X bxPx™ /4
X ' -\ |Al=n
PX wls
> 2 | N, 1 Ne 2 2 N
reE11Al=7x A n=1 |Al=n V A



y-' H-PalluplINH Wl

hi hn N n=l \J= *
Mo3HaumMmMo yepes p(n) —KiNbKiCTb po36UTTIB A HaTypasbHOro ymcna n. Hexain
dn = rl'[)“l\fl:)'(] SN ()
i oAl .
H g, — jp{n)™nlgs’ -
n=1

Bukopuctosytoum copmyny Kowi-Agamapa Ta BifjoMy acMMNTOTUKY And p(n), MOXHa
OUiHUTK pagiyc 306DKHOCTI pAay:

1 1
"7 limsup[pgn)an)n  limsup dn’
n—00 n—>00

TakMM 4YMMOM, MU [0BENW HACTYMHY TEOpeMmy.

Teopema 1. MpocTip Is(f.i) € npocTopoM aHani TUYHUX (DYHKLIA B KyNi 3 LEHTPOM B nyni
pagiyca

1
= - 1
lim sup dn
n—00

B li, & KOHCTaHTyW dn BU3HAYaAKThLCA popmynow (2).

3 Teopemn 1 maemo, wo konu ||Palls, > 1 And gosinbHoro po3outts A 10 Hs((li) €
MPOCTOPOM aHaNMiTUYHMX (OYHKLIA Ha OAWUHWYHINA Kyni B i\.

2 3B’'a3ok 3 ABCTPAKTHVMWN TPOCTOPAMUN ®OKA

3ayBaXnMmo, LLUO B AeAKUX BUMagKax MOXHa 3p0OUTU TOYHILLY OLiHKY 415 061acTi 36ixX-
HocTi pagy (1). Ham noTpi6Hi 6yayTh Aeski BigOMi pe3ynbTaT CTOCOBHO abCTPaKTHMUX Npoc-
TopiB Poka. Hexah E —rinbbepTiB NpocTip 3 opTonopmosanmnm 6a3ucom (e,,). CKaxemo, Lo
rinb6eptis npoctip J7 = F(E) 3 Hopmoto Y-Il, € (abcTpakTHUM) CUMETPUYHUM, NPOCTOPOM
®oka Hag npocTopoMm E, aKuwio Bektopu 1, YTBOPIOKOTb OPTOrOHabHUIA
6asuc BJ gen=jA)j=K\+---+kneN, ki >0, i\ < mm<irp

€ CUMETPUYHMUM TEH30PHUM LO6GYTKOM BEKTOPIB.
-2
Moknagemo Ak .= ?:Qj) i ¢ = 1 PO3rnsHemMo CTeneHeBUi psj
\%

> S

—ikn=0 i1<---<i, If)1=0 [ @

(e]0)
Ana 6yAb-aKOoro X = Xi€ € E.

r=1
HacTtynHy Teopemy AoBefieHO B [2].

Teopema .. [punycTuUMO, WO iCHYe KOHCTAHTa S > 0 i NOCAIJ0BHICTbH JO4ATHUX HUCEN
(M,,), Taka o A8 KOXHOro n limsup VMn=M <o00i

Q<rm - rk <SM*{kl +'"
0<rM

ape n =MRK4..+kn Toai

+K)h - 0-A2 ! 4
K \...kn\" - bM ky\. k.\' 845

(1) pag (3) sbiraeToca gng KoxxHoro X € E, |l < /M i /¢ aHani TUYHUM Bif00paXKeHHAM
na kyni 130, /M) ¢ E 3 ueHTpom B Hyni pagiyca 1/M 3i 3HaueHHAM B T\

(i) gnga KoXxHoro ¢ € T BigobpaxkeHHa BY(x) = (n(x) \o) € aHaANITUYHOWO PYHKLiEw na
B(0, /M) c E\

(i) yHKYig (n(x) € N-04HOPIAHHM noniHoMom I (Ti(x) e”) = S XA\

TeepaxeHHa 2.1. BigobpaxeHHs
& P\ t=e\r... e\T, A= (A],..., AT)

3afae i3o0MeTpuuHnii isomopdism npocTopy HAI\) Ha abcTpakTHUA CMMETPUYHMA NPOCTIp
®oka T = T(E), gna 9koro KoHcTaHTn Cwls dgopmynn (3) BU3HAYAK THCA PIBHICTIO =

\\PM . PK'IFF2. 13omopdpism & € MynbTHRAIKATMBHUM Ha nignpocTopi noniHomis y Hs((\).

JloBefleHHsA LbOro TBepAKeHHs 6e3nocepefHbO BUMNAMBAE 3 O3HAYeHb. 3ayBaXWMO, LLO
3aMKHeHa NiHinHa o6onoHka {Pn, n € N} € npoo6pasom npoctopy E npu BigobpaxeHHi &.
MosHaunmo Q —obnactb B 1N\

Q= {xe (i: |P,()]<1, nEL,.
Jlerko 6aunTn, Wo MMIiCTUTb BIAKPUTY OANUHUYHY Ky NPOCTOpPY i] K BAACHY MiAMHOXMHY.

TBepaXeHHa 2.2. MHOXMHa Q ¢ HeoOMeXeHot i BigkpuTo nigMnoxHnow B i\. Kpim
TOoro, 4nq KoxHoro X €11 X \Pn(X)\ < oo.

[osegeHHa. TMokaxemo, WO iCHye HeOOMeXeHa MOCNiIJOBHICTb B i\, ika Hanexmtb Q Po3-
[NIAHEMO YMCNOBY MOCNILOBHICTb

o= ()7 by
Hexall (%,,)) — noOCNifoBHICTb 3 i\. Taka Wo Zm) = (x\,x2,.... XT.0.0,.. .).
Ockinbkn Pn(Z(m) <1 Vn,m, 1o z¢m) € Q 3 iHworo 60Ky, oyesngHo, wo [} (W] =0
npn T. —00. OTXe, Q € HEOOMEXEHOK MHOXMHOHO.
3ayBaxumo, wo komm X = XKk € Q 10 WK\< : AN9 KOXHOro k. To6T0 Q NexuTb y
BIAKPUTIA NMIAMHOXWHI
o= {xe :VAeN a < 1}



Po3rnaHemo Bigo6paxeHHs POk) = (P\(X)...... P,(x),...). ¥ po6oti |4 nokasaHo, ifo ®
— HenepepsHe BigobpaxeHHs | ®: B] — i\. Tomy JCIPn(T)] < oo- ™ iHwWworo 6oky, Q€
npoo6pa3oM BigKPUTOI MHOXHMIA ©i npu BifobpaxeHHI ®. Tomy Q — BigKpuTa LIAMMO-
XUHA.
Po3rnsgHeMo abCcTpakTHUIA npocTip ®oka T 3 HOPMOLO "Ji'l()J ﬂ_l' 3rigHo dhopmynu (3),
LA HOpMi BigNOBIfAaE BiLOGPaXEHHS N:
()

I 1
t=1 k=0 I(A)]=0 i]

ne y, #(y, ) —koopanHaT BekTopa y € i. B po6oTi [1] nokasaHO, WO N € aHaNiTUYHUM
BifOOpPaXeHHsAM 3 IM2 o D, B J-, Ae

p2={xe @2:Vice€N W\< 1}

€ BIAKPUTOI MIAMHOXMHOKO B ke

OcCKifibKM BifoBpaxXeHHs ¢ € i30MeTpUYHUM i3omopdpismoM 3 3 [ ) BJ7, T0 {(PX) € T
AN KOXHOro x € £i, Irl< 1 lNokaxemo, WO efleMeHT RX KOPEKTHO BM3HaYeHUI AN8 BCIX
x € Q [Onga uboro focTatHbO nokasatu, wo &(Px) € T npn x € Q 3 chopmynn (1) maemo

HR,.) = \ pPAMY) =ZA EANM - (5)

Ockinbkn \Pn{X\ < 1i pag X]\PH{X)\ 36iraeTbcsq 418 KOXHOrMo X € Q 10

ocC o 00 )
TOWMN2- E e e k=100 (e
A r=1 /o=0 i=1 u'

3 iHWoro 6oky,
H

()] (09 (09] ()]

. . T .

bITh iiw ) ="TD-wwn £ (")) - 2. New
i =2 HW2s“p(2, isvi)) <

OTxe, {Px.) € I, T06T0 RX € Hs(i\) ans BCiX X € Q TakuM UYMHOM, MW AOBENN HACTYMHY

Teopemy.

Towmy

Teopema 3. Hexat ||P\|= 1an4 gosinbHoro po3buTTas A Togi Hs{t\) ¢ npocTopom aHani-
TUYHUX PYHKLUIA na Q [pu ubomy

P(r) = (P,P,) = (&(P),&(PX)), XEQ, F € Hs{i\).

3ayBaxumo, Wwo konm x N Q 1o ANna fedkoro m |Pm(x)| > 1 Toai Y dopmyni (5) pag
Oyae MiCTUTM PO36iXKHWIA f0AaHOK ek (P.r(x))k. Tomy RX He 6yfie KOPEKTHO BM3HAYEHUM.
OTxXe, obnacte Qy Teopemi 3 He MOXe 6YTU PO3LLMPEHOLO.
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IHCTUTYT NpuUKnagHMX npobnem mexaHiku i matematnkn HAH YkpaiHu,

NbBiB, YKpaiHa

Hagiliimo 15.12.2010

llolubchak O.M. Hilbert spaces of symmetric analytical functions on P\, Carpathian Mathema-
tical Publications, 3, 1 (2011), 34 39.

We consider completions of the space of symmetric polynomials on i\ with respect to some
Hilbert norm and investigate conditions under which the obtained spaces consist of analytic
functions with domains in t\. Some connections with abstract Fock spaces are established.

lNony6yak O.M. T'mnb6epToBM MpocTpancTBa cummeTpuyeckux cnyHkumii Ha (\ /# Kapnart-
ckne matemaTmuyeckume nybamkauum. — 2011, — T.3, Nol. — C. 34-39.

B paboTe paccMOTpeHbi MOMOJHEHUA MPOCTPaHCTBA CUMMETPUYECKUX MONMHOMOB Ha
OTHOCUTENIbHO HEKOTOPOI rMnb6epTOBO HOPMbI M nccnegoBanbi ycnosus, I KoTopbix nuny-
YeHHOe MPOCTPAHCTBO OyAeT NMPOCTPaHCTBOM aHanuTnuyecknx dynkuuii Ha (\. PaccmoTpeHa
CBA3b C abCTpaKTHbIMN NpocTpaHcTBaMH dPoka.
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NIHEAPUSALUIA NINWWNLUEBO-MONTIHOMIATIBHUX TA
NMwWmMUeEBO-AHANITUYHINX BIJOBPAXEHDb

Ay6ein M.B.. 3aropogwok A.B. JliHeapu3auisa ninwuyeBo-nofiHOMianbHUX Ta AinWnLeBo-
aHaniTM4yHux BigobpaxeHb // Kapnatcbki matemaTu4Hi ny6nikayii. —2011. — T.3, Nol. — C.
-10-18.

Y cTaTTi BBefjleHO MOHATTA NiNiHMLEBO-NONIHOMIaNbHMX Ta NiNWMLEBO-aHaNiTUUHUX PYHK-
LiA, aHanorM TeH30pHOro Ta CUMETPUYHOIO TEH30PHOI0 AO0OYTKY METPUYHMX MpocTopiB. Buko-
PUCTOBYIOUM aHaNorM TeH30pHOro A06YTKY METPMYHMX NPOCTOPIB Ta Mpouec niHeapu3auii aHa-
NITUYHNX QYHKUIRA, 3aiicHeHO rnobanbHy niHeapm3auito NiNWMWLEBO-NOAIHOMIANbHMUX Ta NiNWN-
LeB0-aHaniTUYHMX BigobpaxKeHb.

Becrtyn

Hexail X — HEMOPOXHiA MeTPUYHMIA NpOCTip, 3aDiKCYEMO Yy HbOMY fAesfKy Touky 0X
Taknin METPUYHUIA MPOCTIP HA3MBAETHLCA NPOCTOPOM 3 BigMiueHOl TOukow. Haragaemo, Wpo
BiLOOGPaXeHHA / MDK MeTpuyHUMK npocTopamy X Ta Y Ha3MBAETLCA NIMIN,ULEBUM, FKLLO
icCHye cTana Lf Taka, WO Ana LOBiNbHMUX enemeHTiB x\,x2 € X cnpasejinmBa HepiBHICTb
Pv{f{xi), f{{x2)) < LfPxX(xi,*2), ie HaliMeHLla 3 MOX/INBUX CTannX Lj Ha3MBaeTbCA CTaNO
Ninwwnua. MpocTip ycix Ninwmuuesmx BigobpaxeHs 3 METPUYHOro npoctopy X 3 BiAMiYEHOH
Toukoto 0OXy MeTpuyHmMini npocTip Y 3 BiAMiYeHOK Toukowo Bv, aKki nepesBogdtb Ox B Ol
no3Hayaetbca Lipn(X. V). Y Bunagky, konn Y € NiHiiHAM NPOCTOPOM, MW 3aBX[AW BBaXKa-
TUmMeMo, Wo O/ =, . 3aranbHa Teopis AiNWALEBMX BijobpaxeHb BUKNaZeHa y MOHOrpadisx
H. Bisepa [11], I. BeHiamini, XK. JliHaeHwWTpayca [4]. ¥ po6oTi B. MocTtosa [10] foBeaeHO, IO
AN [LOBINILHOTO METPUYHOIO NPOCcTopy X 3 BiMiYEHOK TOUKOK EX iCHYE EANHUIA (3 TOYHICTIO
[0 i30MeTPUYHOro i3omopdpiamy) 6aHaxiB npocTip B(X) Takuid, WO METPUYHMIA npocTip X
BKNafaeTbca y 6aHaxiB npocTip B(X) i KoxHe BigobpaxeHHs /(;X) € Lip. (AAE) moxe
6yTV npofoBXeHe A0 NiHiitHOro onepatopa f(x) : B(X) —E and f0BiNbHOr0 HOPMOBAHOIO
npoctopy E, npuyomy D/l = Lf. Mo3Haummo 4yepe3 spanA MNiHiiHYy 06010HKY NPOCTOpY
A, a eNeMeHTn 3 NiHiHOT 060M10HKM 4Yepe3 X. 3a nobygosoto, enemeHTn Burnagy I Xk e

A=1
WinsHUMK y npoctopi B(X). MpocTip B(X) Ha3nBaeTbCS BifIbHUM, 6aHAX0BUM NPOCTOPOM.

2000 Mathematics Subject Classification: 26A16, 45G25.
Knto4yoBi, cnoBa i thpasu: TeH30pHUI [O6GYTOK, NiNWMUEBE Bifo6padkeHHA, METPUYHUI NPOCTip, BiNbHWIA 6Ga-
HaxiB MpocTip.

©Oy6en M.B., 3aropogHiok A.B., 2011

Oesaknin knac T(X,Y) HeniHiHMX Bifgo6paxeHb 3 A B Y pjonyckae rnobansHy niHeapu-
3alit, AKWO icHye NiHiRHWIA npocTip W(X) Ta iH’eKTUBHe BigobpaxeHHs UjF(xy) : X —
W(X) Take, wo ansa gosinbHoro F € T(X, Y) icHye ninHiiHWiA onepatop LF € C(W(X). V).
AN AKMX HACTyMHa AiarpamMa € KOMyTaTMBHOHO.

A -A Y
My(x,y) i /* L¥ N
W{X)
Bigo6paxeHHs UNXY) Npu LbOMY HA3MBAETbCA KaHOHIYHWUM Bifjobpa>KkeHHAM Yy AaHiin ni-
neapusauiii.

BinbHnin 6aHaxis npoctip B(X) Ta BigobpaxeHHs v : X —B(X), n(x) = x 3agak/rb
NiHeapu3auito HeniHinHMX dyHKLUiA 3 knacy Lip. (X, E). JliHeapu3auito Nirwinwesmx yH-
Kuii gocnigxysanu . PaitkoB |2], P. ApeHc Ta XK. Inc [3j, XK. ®nyg 7], XK. Toged])ya,
H. KanTtoH [s] Ta iHwi. B po6oTi [ ] aBTOpY JOCMIAXYHOTb BNaCTUBOCTI BiflbHUX GaHaxoBMX
npocTopIiB.

[obpe BigOMO, WO WOMIHOMIaNbHI Ta AedKi Knacu aHaniTUYHMX BigobpaxeHb 6Gamaxo-
BOrO NPOCTOPY AOMNYyCKaroTb rN106anbHy fliHeapu3alito, 3 BUKOPUCTAHHAM TEH30pHUX A006Y-
TKiB Ta X TOHOMOTYHHX CyM. MeToro Liei poboTn € NOEAHAHHA TEXHIKN BiflbHUX BaHaxoBMX
MPOCTOPIB Ta TEH30PHUX A06YTKIB ANd NiHeapm3auii i 4OCNIAXEHHSA LIMPOKOro Knacy Bifo-
OpaXeHb Ha METPUYHUX MpOCcTopax, fAKi B po6OTI Ha3BaHO NiMLIMLEBO-NOMIHOMIANBANMK Ta
NiNwunLeBo-aHani TUYHUMN.

Y nepwwiomy po3aini AOCNIAKEHO aHanorn TeH30PHUX A0OYTKIB METPUYHUX MPOCTOPIB |
BBEAEHO NINLWNLEBO-NOIHOMIaNbHI BifOGPaXEHHS.

Y ApYyromy po3sgini po3rnaHyTo LUMPOKUIA KNac aHaliTUYHMX BifO6paXeHb Ma KOMMeK-
CHMX GaHaxoBMx MpocTopax, AKWIN Aonyckae rnobanbHy niHeapmsauito, i 3aCTOCOBAHO IOro
AN AOCAIMXKEHHA NiNWWLEBO-aHaNiTUMHUX Bif06PaXeHb.

1 TeH30opHIi LOBYTKU MEeTPUUHUX MpocCToOpiB
Hexah X, Y - MeTpuuHi npoctopun. MNobyayeMo MHOXUHY
Qy ={x—x Ix,x €X x @ x} UbBxc B(X),

aHanoriyHo MoXKHa NoGyayBaTU MHOXWHY iTy. PO3rnsHeMo NiHiiHWIA NpocTip < dhopManbHUX
cym Z Ai(xi, ?4), pe (xi-Yi) € iix x &>. OueBNAHO, L0 MHOXWHA e/IeMeHTIB
I

Y0 = Y~~kixk-0y) + ~2pj{0x,yj)
k j

€ NiHIVHUM nigripocTopom 2.

Po3rnsHemo dhaktop-npocTip £ = 3/20- lM03Ha4YMMO Knac ekBiBasIeHTHOCTI efnemMeHTa
(X, y) uepe3 xoy. TeH30pHUM JOOYTKOM METPUYHUX NpocTopiB X, Y Ha3MBaTUMEMO MHOXMUHY
XoY ={xoylxe Qx.y € Q/} Ana KOXHOro enemMeHTa w € Z BU3HAYNMO HOpPMY



fie iH(hiMym 6epeTbcs MO BCIX 300paXeHHAX efleMeHTa W Yy TakoMy BUTNAAI:

W= w) o {uw--u (3)

ge w. n[ e X,vkv'ke Y. ¥ crarTi [1] foBeAeHO HaCcTyrnHe TBEPAKEHHS.
TeepaxeHHa 1.1. TTon0oBHEHHA NPOCTOPY X BIZHOCHO HOPMMU (2) 130METPUYHO 130MOpdHE
NpoeKTUBHOMY TeH3opHoMYy Lo0yTKY B(X)(£)nB(Y) b6aHaxosux npoctopis B{X) Ta B{Y).

30Kpema, 3 UieiTeopeMu BUNAMBAE, WO X 0Y Bknagaetocd B B{X)<&B{Y).lMNpoekTnBHA
TeH30pHa Hopma npoctopy B(X)®nB(Y) iHAYKYE MeTpuUKy Ha A’0 Y, iKka Mae BUTA[

p{{xi- A)o (i/i - yi),ix2- 4)° . -y'2) =
\\(Xi~ X[) <=1Yi~y[) - X -4)o(y3 -¥Y2N\\ = (4)
Noci - xX\) i (@l —2/4i) — (12 - 4) ® (y2- 24)lim-

Takum ymHom, A'0Y' € METPMYHMM MPOCTOPOM 3 BigMiUYeHOK Toukoto Ox 00Y.

Hexali Z —MeTpMyHNA NpoCTip 3 BigMiveHOO Toukoto 8. MobyayeMo TEH30PHWUIA 4OOYTOK
(X 0Y) 0o Z NiHinHWA npocTip hopManbHUX CyM 3anuLUeTbCs Y TaKOMy BUTNALI:

=" A(m;oyu ),
I
ge (= o0y, 4) € QxoY XQx, 1 Q/ ={z- Z2\z,Z € Z,{ ¢ ('} v 8. a MHOXMHA QX0Y mae
HacTynHe 3006paXeHHA
Q< ={xoy- xXoi/Ixoy. X0y €Xo0Y}UOXo0Yc B(XoVY),

fe X0y Ta XoY' He Hanexartb O O4HOr0O Knacy ekBiBaJIeHTHOCTI.

MoknagemMo y BIAMOBIAHICTL enemeHTy 3 npoctopy (X 0 Y) X Z enemeHT 3 npocTopy
X XY X Z 3a TaKUM NpaBuIom:

(xi ~ Yii — ((xi,Yi) “b{ex,yi) - (x%, 0Oy), Zi) (Xj,yi,<i) + (8%, Yii 4r) + (.Tj, 0y, )- (5)
Topi Z = ZI A((Tj. yi, ~) + (xi, 6», Z) + (04, yi- Z)). MignpocTip X, y UbOMYy BUNagKy MaTUMe

Burnag . = 2 otk{xkoyk.0.) + Y2Pj{Ox00y,Zj). Bpaxosytoun (5), oTPMMAEMO, LLO
A j

0= ak{(X W + (Xb 0y) + [6x,yK), 02) +* Pj(Ox.0y,zj) =

k ]
Noa k{(xk,yk,6z) + (xk',dy,Oz) + (Ox,yk)0z)) +y /B,(0x,6v,(,).

Po3rnaHemo (paktop-npoctip X = %/30. AHanoriyHo, AK y BMNAaAKy ABOX MPOCTOPIB,
Knac ekBiBaneHTHOCTI enemeHTa ((X, y), {) No3Ha4YMMO 4epe3 (X0y)0z. TEH30pPHUM LOOYTKOM
(X 0Y) o Z metpuyHoro npoctopy X 0 Y Ta METPUYHOrO MPOCTOPY Z Ha3BEMO MHOXMWHY
KnaciB ekBiBafieHTHOCTI (TO y) 0 z, TO6TO

AroY) oZ={(xoy) 0 (\oy EQDPy € Z}.
AHanoriyHo MoXxHa nobyaysBaTy TEH30PHUI JOOYTOK

XooZ) ={xo[yo\x e X, yo € QYoZ}

TeepaxeHHa 1.2. Mpoctopn (XoY)oZ TaX 0(Y 0Z) ¢ i30METPUUHO i130MOPQPHUMMN.

LosepeHHs. TMobygyemo BigobpaxeHHs | @ (xoy)oz H>Xo(yoz), fKe KOXHOMY Knacy (xoy)oz
CTaBWTb Yy BIANOBIAHICTb Knac X 0 (y 0 z). 3anuwemo mMeTpuKy npoctopy (X oY) 0o Z

P((Tior/)ozi,(x20y2)0z2) = |Jdoyr)o (A- (x20Yy2)0 (2\=
e 0 Wi Ti - (x21Ty2) M2 = |pi 0 M TI - - X Tly2ii . Ir-

MeTpuka npoctopy X o (Y 0 Z) MaTume Takuil BUTNALA:

p{LTi O(yi OzZ1), RO (J202)) = |IT O(yi OZI) - X OP2O2\ =
WA T {yi 1) - XTI {y2i7 2)ar= [m o WiT A - X211 y21T ~2 mr-
OueBnaHo, WO / € GIEKTUBHUM i30METPUYHUM BifO6GpaxXeHHsAM, ToMy npoctopu (X o0 Y)o Z
Ta X0 (Y 0 Z) € i30METPUYHO i30MOPPHUMM. O

TaknuM YMHOM, MM MOXEMO NoOyAyBaTW TEH30PHUI LO6YTOK TPbOX METPUUYHWUX MPOCTOPIB
ABOMa cnocobamu, i Ui MHOXWHW crniBnagyTb 3 TOYHICTHO A0 I30METPUYHOrO i3oMopqi3my.
Mo3Haummo moro X 0 Y 0 Z. 3ayBaXunmo, WO TeH30pHWUA o06YyTOK X 0 Y 0 Z BKNafjaeTbcs y
npocTip B(X)M>nB(Y)<A>nB(Z) i npoekTMBHa TeH30pHa HOpPMa IHAYKYE MeTPUKY Ha XoYoZ.

TeH30pHUIA JOBYTOK TPbOX METPUUHMX NPOCTOPIB TaKoX Oyde MeTPUYHMUM MPOCTOPOM 3
BigMiYeHOt0 toukoto 0XOQy 0 6¢.

AHanorivyHo, 3a iHAYKUi€e0, AKWO MM nobyaysann TeH30PHUIN JOOYTOK N —1 METPUYHOrO
NpPoCTOpY, TO N-TUIA TEH30PHUI LOOYTOK METPUUYHUX NPOCTOPIB MOXHA BBECTU AK TEH30PHUIA
L06YTOK NpocTOpy XH Ta TEH30PHOro 406YTKY MeTPUYHUX npocTopiB Xi, gei = 1,2...» - 1,
T06T0 Ai10X00- mo Xn_jo Xn = (A 0X20- mo Xn_x)0 Xnab6o A, 0X20- moXn..{oX, =
Xi o (X20 mmo Xn-\ 0 Xn). TeH30pHMA LOBYTOK N METPUUYHUX NPOCTOPIB BKMAJAETHCA Y
I"B(Xi) —B{X\ 0 X20 mmm Xn), ge i = 1,2,...,n | NPOEKTMBHA TEH30pPHA HOPMa IHLYKYE
MeTpuKky na X] o X2 o mmmo Xn-\ 0 Xn, TOMy TEH30pHWUIA AOOYTOK I METPUYHUX MPOCTOPIB
TaKoX Oyae METPUUYHMM MNPOCTOPOM 3 BigMiveHOH TOYKOK 0X 0 03 0 mmm 0Xn.

Ong MeTpuyHoro npoctopy A”MOXHa BBECTU MOHATTA CUMETPUYHOIO TEH30PHOIO J06YT-
Ky. CUMETPUYHUM TEH30PHUM AOOYTKOM Ha3BEMO TaKy MHOXMWHY

A 0s X = {Xi onx2Xii x2 € Qx},

g . TLOX +X%X 0X,
Xl "S X2 = 2

3ayBaxunmo, wo XosX C XoX. AHanoriyHo MoxHa 6yaysaTu -/,-TriA CUMETPUYHKIA ‘I-en30p-

HWIA CTeniHb 07X MeTpUuYHoro npoctopy X . OuesnaHo, Wo npu Lsomy B(o™X) = Tib 1B (X).

Tomy B'{oaX) = C{IB{X)) — npocTip BCiX N-NiHIAHUX CUMETPUUYHWUX BiZOOPaXeHb Ha

B{X). Bbyfemo nosHayatym X0 X Q,---0T yepe3 X'\ a X ® x ii mmmii x — yepe3 .r<rl Bigo-
M ' |

MO [5], wo na 1i8nB(X) icHye Hopma, ekBiBaNeHTHa 4O HOpPMW, iHAYKoBaHOT 3 i1A3(A), i

Taka, Wo 419 KOXHOro u € B(X)

[k@ 1= sup{IP(u)|F € V(nB(X)), IMIl < 1},



ne V{nB(X)) —6aHaxiB npocTip //-0fHOPIAHMX HENepepBHUX NONIHOMIB Ha B(X). 3ByXeHUM
L€l HopMM Ha O"Al" MOPOMKYE METPUKY, fKa Oyae NiNWNULEBO EKBIiBaNEHTHO A0 METPUKMN,
iHOyKoBaHOi 3 0AX. Haragaemo, WO MeTpuKa pA € MINWALEBO EKBIBAIEHTHOK A0 MeTPUKK
P2, AKWO ICHYKOTb CTani ¢i >, ,c2 >, , TaKi WO

224N, Ta) < P\N{*1,.12) < c\p.i\X\ T2)

ANS BCIX eIEMEHTIB .Ti,.X2 METPUYHOrO npoctopy X.

Hexali X, Y — MeTpuyHi npocTtopn, no3Ha4ymmo 4yepe3 P(nX, Y) MHOXMWHY BiA0OpaXeHb
3 N B Y Takumx, WO ANA AOBiNbHOro Bigo6bpaxeHHs F € P(nX Y) icHye n-ogHOpigHWIA
HenepepsHuii noniHom Pp € V{nB{X),B(Y)), ans gkoro Pp{x) = E(X) Ang AOBINbHOro
X € A. EnemeHTn knacy P(”X,Y) Oyaemo Ha3vBaTW M-0LHOPIZHUMU NiNWMNLEBO-NONINO-
MW AbUUMN BigobpaXKkeHHAMU 3 npocTopy X y npocTip Y.

TeepgxeHHsa 1.3. Anqa koxHoro F €EP("A. V) icHyeniniwwcse BigobpaxeHHs &. (0" X.Y).

Take 1o
DF(X¥) = F&) i bdp = W\

[osefeHHs. Hexain Pp —n-ogHopigHuin noniHom 3 B(X) B B(Y), akunii Bignosigae Bigobpa-
XeHHto F. Llbomy noniHomy Bignosifae NiHiMHWIA onepaTop

Pp : ®InB(X) > B(IN),

Takui wo Pp(x®n) = Pp(x).

Ockinbkn &'IB(X) = B(0"nX), To niHinHOMY onepatopy Pp Bignosigae niniwiwicee
Bifo6paxeHHs ®p : 0"A -> B(Y), Take wo P,,(.710) = PF(X) = E(x). O6pa3 F(X) mMicTUTbCS
BY.Tomy F(x) Auy(Y)\ ge ny :y i>y - i3oMeTpuyHe BKnafeHHs. Noknagemo

®p = vyho Pp,
uc i 6yge wykaHUM Bifo6GpaxeHHAM, KPiMm TOro,
ipP = = [IPoll = N-PLim
]

3 TBEpAXKEHHA 1.3 Bunnmeae, wo P(2A,Y) € 6aHaxoBMM MPOCTOPOM, i30MOPCOHUM A0

npoctopy P (nB(X), B(Y)) n-ogHopigHux noniHomis 3 B(X) B B(Y).

Hexalh n —peska TeH30pHa Hopma Ha B(X). Togi ®SIB(X) C ®syB(X). Tomy npocTip
NiHIKHUX HenepepBHMX onepatopis 3 ®'yB(X) B foBiNbHUIA H6aHaxiB npocTip E € npupogHo
i3oMopdoHMIA 0 feskoro mignpoctopy //-ogHopigHux noniHomis y P (HB(X). E).

Po3srnsHeMo BUNagok, ko Y = E —iHIRHWA MeTPUYHUIA NpocTip. Togi MOXHa BM3Ha-
YNTWU HerepepsHe MoniHOMianbHe BifobpaxeHHs P € P(nB(X) E). MosHaummo 4epes li0

BiOGPaXeHHSs, ke KOXHOMY efleMeHTy . € span E, z 5 aket CTaBUTH y BifNOBIAHICTb

k=1
enemeHT h0(z) = ¥ akxk € E. ¥ [s] nokasaHo, wo konn E — 6aHaxiB npocTip, TO ,o —
—
RiHITHN 0BMexeHI orneparop, AKUMN MOXHa MPOLOBXMUTU 3a NIHIAHICTIO | HENepPepBHICTHO
no onepatopa h : B(E) -> E, npnyomy WN\ = 1 i BigobpaxeHHsa X  h(X) € ninwuuesoro
petpakuieto 3 B(E) B8 E C B(E).

Teopema :. Hexal E NiHIAHWA MeTPUYHWIA NPOCTIp, TakuA Wo BigobparKeHHH
h:B{E) > E

KOPEKTHO BU3HAYEHE | € NIHIAHUM HenepepBHUM 0NepaTopoM. TOofi AN KOXKHOTO
F €P(nX, E)

iCHYye noniHoMm P € v (nB(X), E) Takui, wo P(X) = E(X) anq BCiXx X € X . | HaBnaku, AKwo
P € V(nB{X), E), T0 P(x) EP(“X, E).

LosepeHHa. Hexan F € P(IX,E) , togi Pp € V(nB(X), B(E)). Bu3HauyMmo Bifo6paKeHHA
P —h o Pp, Togi P(x) =h(PF(x)) = h(F(x)) = F(x).

Hasnaku, Hexan P € V(nB(X), E). MoniHomy P Bignosigae Ninwunueso Bifo6paxeHHs
® : 04A -> E 3 ninwunuesoto KoHcTaHTolo b® = ||P]| Tomy BigobpaxeHHs ¢ : 0'A' —
B(E), ¢(n) = ®(u), 6yme ninwwuuesum i i @ = bdp = ||P|| BigobpaxeHHO ¢ BignoB.i-
fae //-ogHopigHUIA HenepepBHUIA MOMIHOM, AKMI MW nosHadnmo Pp, Pp : B(X) —B(E),
Pp{{) = "P(C0") gna posinbHoro ¢ € B(X). Togi Pp(x) = P(x) 1 F(x) = h(P(x)) = P(x) €
P("A,E). O

Hacnigok : ... Bymosax Teopemu BigobpaxenHua P(X) i-» P(X) € i3oMmopgisMom 6aHaxoBnx
npocTopis V(nB(X), E) TaP(nX, E).

2 NNineapumnsanuia aHaniTUUHMX Ta NiNWMUueBo-aHaNITUUYHUMX QYHKLIN

MpocTip BCiX aHaNiTUYHMX BifO6GpaXeHb Ha BIAKPUTIA MHOXWUHI U 3i 3HaYeHHAMM y BaHa-
X0BOMY npocTtopi Y 6yfemo mo3Hayatv yepes H (U,Y). AHaniTU4HI pyHKLUIT 'TaKoX fonycka-
t0Tb JliHEapu3aLito 3 BUKOPUCTAHHAM TEH30PHOro Ao6yTKy. BigoMocTi 3 Teopii aHaniTUYHUX
(pyHKLi Ha 6GaHaXxOBNX MPOCTOpPax MOXHa 3HauTn y [5).

(o]}

Hexah ¢({) = Z c¢nzn —paesKka aHaniTMyHa (PyHKUiS OAHiei KOMMIEKCHOI 3MiHHOI B
n=0

OKONi Hyna pagiyca p. = ﬁ'rffs[;ﬁ]éﬁf" Hexaln X —komnnekcHWA 6aHaxiB npocTip, n-

TUA CUMETPUYHUIA TEH30PHWUIA CTeNiHb MPOCTOPY A, MOMOBHEHWIA BIJHOCHO AesAKOT TEH30PHOI
00

HopMu ; _TTo3HauMmMo 4epe3 ENX) dpopmanbHuid pag ~ cnx®n. Hexan TIT) = J-ar,(X) -
n=0

[o]e]

npocTip UX CKiHYEHHUX NpsMUX cym © UX. MOMOBHEHWIN BIAHOCHO [eAKOi
HOpMY O. £

HarafaeMo 03HayeHHs pajiyca piBHOMIPHOI 36iXXHOCTI Ta pafiyca 06MeXeHOCTi aHani-
TUYHOI (PyHKUIT [5]. Hexaln 7 € H(U, Y"), e U — BigkpuTa NigMHOXMHa 8 X i X € U. Pagiyc
piBHOMIipHOi36ioicHOCTI gX(f) doyHKUIT / B TOULi X BU3HAUa€ETbCA K cynpemym Tux A A€ C.
wo x + AB C Ui pag Ternopa dyHKUii / B OKONi TOUKM X 36iraetbcq L0 / PiBHOMIPHO Ma
MHOXWHI x + AB, e B —ofnHMyHa Kyna B A. Pagiyc 00MexeHocTi / B TOYLi X BU3Ha4a-
€TbCA AK cynpeMyM TuX A A€ C, WO / € 06MEXEHOH (OYHKLIEKD Ha MHOXWUHI X + XB. Bigomo
[5], wo pagiyc piBHOMIpPHOT 36XXKHOCTI aHaNiTUYHOT (PYHKLIi JOPiBHIOE pasiycy 0OMEeXeHOCTi.

TeepaXeHHs 2.1. E ¢ aHani TUYHUM BigobparkeHHAM 3 BigkpuToi Kyni BIH™ B X 3 yeH-
Tpom B nyni pagiyca p0s PaA Togi € 00MEXEHUM Ha Kyni 6YAb-AKOTO MEHLWOro pagiycy
3 LEHTPOM B HYyNI.



[oBefeHHA. Po3rnsiHemo n-Ty OAHOPIAHY KOMMOHEHTY BifjoBpaxeHHs F?:
Pen =¢ X®@n

Bigomo B), wo pagiyc piBHOMipHOI 36XHOCTI B HyNi (4OPIBHIOE pajiycy 0OMeXeHOCTi B nyni)
pyHKUii. P* MOXHa 3HalTK 3a POPMY/OHD:

1 1

£e(FE) = — i — i “ Po-

i
lim sup Hinniin ljm SUP Icn]™
Tomy Fc 6yae aHaniTMYHOK (OYHKLIIEHD B OKONI Hyns pagiyca po- N

3ayBaXunmo, WO AN KOXHOro NiHINHOrO HenepepBHOro (yHkKUioHany ¢ € Ta’l komno-
3uuis Yo PE byfe aHaniTUYHOKO (OYHKLiED 0OMeXeHOro Tuny B Kyni BPo?). MosHaummo 9 =
[poF\:9 €Tn’l}. Togi npn 3agaHux &,a,-y napa F~.Tan 3agae niHeapu3sayito OyHKUiR 3
knacy ®c Ha BM¢E). AHanoriuHo, akwo A —niHiiHWiA onepaTop 3 B LleAKWNA HOPMOBaHWIA

npoctip ¥, To Ao Ft 6yge aHaniTUYHUM BigobpaxeHHsM 3 Boff) B Y. BigobpaxeHHs F*

Oy[eMo Ha3mBaTW MOPOAXYHU0l0 (yHKLUicl Ans Knacy .

Mpuknag 2.1. Hexain {(0) - ™ =& 2~=0S"2"“ [po6oBo-.NiHiilHe Big0-
bpaxeHHa 3CBC, BM3HAUYEHE B KyNi 3 LEHTPOM B Hyni pagiyca ¢ rogi
_ ax+ﬂry°?1 CE &b
A (/rx =
n=0
00
Hexait @ €T’ , Togi 9oPE&{X) = p+ Z—i N¥¢>n(k), de @n ~ N-04HOPIAHWIA NONTHOM,
ii=

WO € 3BYXKEHHAM @ Ha
Y sunagky, konam @n(x) = % 9%(X)>Wo(1l) =P Ae 9 € -A", Wl < f, oTpumaemo, W0
O.y(xg +ovr TP

2 N2 <
n=0 /c=1

>H §|u£*N9>’) HQ + A t }cln w [X) + ome+
n= ' n=
affpw +~ ¢ "
i+ d n=l 1M

agi(x) +b ag2(x) +b a%(x) +b _ ! agk{x) + "

cl(l - (7)) + /(1 - 3:1(r)) d(il - ~,(x)) “ -cgk{x +d
Llen npuknapg nokasye, K MOXHa niHeapusysaTn fpoboBo-NiHikHI BifobpaXKeHHA. 30Kpc-
Ma. 4Nnq Bunagky ¢ = = 7%:O-r]. W=/"+9;ABf>9 e A=C =Pk=(x],x2) =
l.e. +ge,}, oTpumyemo x®" = (X,e. +** )*. = fZ <AA*FT* " IAMS M <

c=0
i yjo(l) =, Togi
Fs = —0+ 2D+ 2 Syt
g (11 %t =l L }J.T) - 91X

B 3aranbHOMY BMMNafKy, Knac qoyHKUin @ o PE moxe OyTn Ayxe WMpokuMm. Hanpuknag,
N=C = 0 —e¢2-HOpPMa, | —cTaHgapTHa MeTpuka B C. Toai KOXHa aHaniTuyHa
dyHKUif B oguHMUYHOMY Kpy3i D ¢ C, aka Hanexutb kKnacy Xapai A.(0), mae Burnaj
Yo Fj. Cnpasgi, B LLbOMYy BUNALKY NPOCTIP Taa i30METPUYHO i30MOpdHMI o A . (0). KoxeH
NiHIRHWA pyHKLioHan @ Ha H2(NQ BM3HayaeTbCs feskoro dyHkuieto / € H2(LL, Takow wo

W) =j 9(0)/{2)dz
S

3okpema, ¢ 0 F\(z) = E{y"d( = f(z) (3a popmynoto Kouui).

AKLWLO Yy HAc BM3HA4YeHO [ABi MOPOMAXKYHOUI (PYHKLIT Ta {-\2, TO 32 MEBHWMX YMOB iX
KOMNo3uuid 6yae NMOPOMAKYHOUOK (DYHKLIEHD ANA Aeakoro knacy @.
Bubepemo npoctip X, TEH30pHY HOPMY ; Ta HOpPMY a Tak, Li06

777 ,'F d T (€]

[nsg uboro AoctaTHLO, WWO6 npocTip X 6yB i30MOpdHUM a0 %* SX And AOBINLHOrO T Ta
i3oMopcthHUM Ao Fa,-y Y |9 goBefeHo, WO KoM A" —6aHaxiB wocrip 3 6e3yMoBHUM 6a3ncom,
TO BKa3aHi YMOBW BUKOHYKOTbCA ANA feAKUX a i- . 30kpema, akwo A = (i, TO BK/IHOYEHHS

(s ) BUKOHYETLCH, KOMM » — MPOEKTUBHA TeH30pHa Hopma i 0 — ((-HOopMa na roéro
I Z0,]l, = HZwd[i >0e o » € ® SX- Akn;0 X =710, T0 - 6yfe iH'EKTUBMOK TEH30PHOIO
HOPMOIO, a & -- C'0-Hopma Ha Tarr Y Bunagky, konnm X —ii, 3aMiCTb - MOXHa BM6paTu

rifbbepToBYy TEH30PHY HOpMY, a a —£2-nopma Ha J-a™. Tpunyctnumo, wo &\,§2 — oyHKUii
KOMM/IEKCHOTO aprymeHTy, aHaniTUyHi B Kynax BI] i Br2 signosigHo. Hexa r > 0 —Take
yucno, Lo € B2 o] < 1,82(0) € BI2 TO4i Fil o Fi2 € aHaNITUYHUM BiJOOPAKEHHAM 3
B, ¢ X B JrQ7 OCKiNbkn ¢ b-MF? € NiHIAHUM | MyNbTUNNIKATUBHUM, TO FN 0 Fi. = Fio~.
Oyae NOPOMXYOUOK (DYHKLIEKD AN Knacy aHaniTUYHUX QPYHKUIN DG.¢ Ha BT,

Hexalih A' -- METpPUYHMIA NPOCTIp 3 BifiMiYeHOO ToUKow. PosrnsHemo npoctip +an{B(X))
ANA LOBINIBHUX HOPM IV Ta - | KAHOHIYHOro BKNafeHHA PN BM3HauMMo Knac BifobpaxeHb

DX, B) = {AOPZONAE £(Im c#BCX)), F)}.

Takum umHOM, napa FMo u Ta Faa 3agae niHeapu3auito BigobpaxeHb 3 knacy P¢(X, F).
Bygnemo Ha3uBaTun BigobpaxeHHs / 3 X B E fninwunLeso-aHanrT.uyTwu, akwo / € d¢(X, E)
ANA LedAKOi aHaMiTUYHOT QPYHKUIT &, HOPM a |+ . Y BMMNAAKY, KOM - —IMPOEKTUBHA HOPMA,
npoctip JiIQ*(B(X)) 6yae NnonoBHeHHAM pOpManbHOT CyMu npocTopis 0'JX BIJHOCHO LefKOi
HOPMUY, fiKa IHAYKYETLCA HOPMOHO a.
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Dubei M.V., Zagorodnyuk A.V. Linearization of Lipschitz-polynomial and Lipsehitz-analytic
mappings, Carpathian Mathematical Publications, 3, 1 (2011), 40-48.

We introduce and study Lipschitz-analytic and Lipcshitz-polynomial functions, analogues of
tensor and symmetric tonsor products of metric spaces. Using the analogues of tensor products
of metric spaces and linearizations of analytic functions we construct a global linearization of
Lipschitz-polynomial and Lipschitz-analytic maps.

Ay6ein M.B., 3aropoawok A.B. JInHeapusauma nNMnNwmnLOBO-NOAMHOMUANBNMX U TMNLWMLOBO-
a.HanMTuuccKux yHKuuin // Kapnatckume matematmyeckune nyébnmkaumm. — 2011, — T.3, Ndl.
- C. 40-48.

B ctatbe BBOAUTEA WMOHATUE NINMLUINLOBO-MNONMHOMUANBHBIX U NUMLWUWL0BO-aHAIMTUYECKNX
dJyHKLI,VIVI, aHanorm TeH30pHOro M CMMMETPUYECKOro TeH30pPHOIro npounssefenma MeTpmnyeCkKux
iTpOCTpaHCTB. Mcnonb3yda aHanoru TeH30PHOro HPOU3BELEeHUSs METPUYECKMX MPOCTPaAHCTB U
npouece nnMHeapunsaymnn aHaiNTUHECKUX Ct)yHKLI.I/IVI, ocyuiecTBenaeTcd rnobanbHas NnHeapuia-
Una NMNWNNLEBO-NONNMNOMUANBbHbLIX U TUMWNLEBO-aHATUTUYECKUX 0T06pa)KeHVII7I.
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3aTtopcebkuin P.A.

OJOCNIAXEHHA ®YHKLUINA MATPULLb XECCETIBEPTA

3atopcbknii P.A. JocnifgkeHHs yHKUIn maTpuub XecceHbepra // KapnaTcbki matemaTuuHi
ny6nikauii. - 2011. - T.3, Nol. - C. 49-55.

B po6oTi BMBYAOTLCA 3B’A3KM (DYyHKLUiA MaTpuub XecceHbcpra i3 napajgeTtepmiHaHTamu Ta
napanepmaueHTamm.

Bectyn

BaxNMBUM KNacom KBajpaTHUX Matpuub € matpuui XecceHocpra [ | BoHM BUHUKaOTL Y
nignpoctopax Kpunosa: [3] B npoueci NobyaoBn opToroHanbHMX 6asucis, y 3ajavax Ha 3Ha-
XO[KEHHS BflaCHUX 3Ha4yeHb MaTpuuyi QR-MeTO0goM (MeTOLOM MOCNIJOBHMX eNeMeHTapHMX
MepeTBOPEHb), a TAKOX Yy Teopii CUMETPUYHUX MHOTOY/EHIB —Y AeTePMIHAHTHUX BUPAXKEH-
HAX CUMETPUYHUX MHOrOuYseHiB [4]. BUABNAETLCA, LWIO AeTepMiHaHTU MaTpulb Xeccenbepra
MOXHa MojaTn y BUTrNAAI napageTepMiHaHTiB TPUKYTHUX MaTpuLb, BNAaCTUBOCTI AKUX fo6pe
BMBYeHi. 03adK KBa3ITPUKYTHI mMaTpuui [2] e 4acTKOBMM BUMAaAKOM MaTpulb Xeccenbepra,
TO 3B’A30K OCTaHHiX 3 napajeTtepmiHaHTamMy LO3BONAE y3aralbHUTWU PAL TEOPEM YUCNEHHS
TPUKYTHUX MaTpuULb, 30Kpema Teopemy lMowa [ ], [7] npo 3B’A30K nepMaHeHTIB i3 AeTepMi-
HaHTamu.

Matpuui Xeccenbepra 3'ABNAKOTLCA TaKOX MPW JOCMIIKEHHI XapakKTepy Ta LUBWAKOCTI
30DKHOCTI pauioHasIbHUX BKOPOYEHb PEKYPEHTHUX APO6IB.

2000 Mathematics Subject Classification: 15A15.
Knwo4oBi cnosa i thpasn: matpuui XecceHbcpra, napaHepMaHeHT, napageTepMiHaHT.

1rlignpoctopom Kpunosa po3MipHOCTI T MOPOMAXKEHUM BekTopoM v € C™ i KBagpaTHot MmaTpuueto 4 C
C" X C'" HasmBaloTb NiHIAHWMIA NpoOCTIip

Km(v, A) = span{v, Av, A2v,..., Am~1v}.

©3aTtopcbkuin P.A., 2011



1

3BEAEHHSA MATPMLb XECCEMBEPIA AO UAPALETEPM HINITTIB 1A flogejeHii,n. Crno4vaTky CKOPMUCTAEMOCH TeOpemor 1 i nepexoAaMmo Bif AeTepMiHaHTa NiBoOi
ITAPAMEPMAHEHTIB TPUKYTHWMX MATPWLUb

Teopema 1. CnpaBepnnBot 6yae TOTOXHICTb
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LosegeHum. [MepeMHOXUMO AeTePMiHAHT NiBOT YacTMHM TOTOXHOCTI (1) Ha MI'=i ai Ta P(MAi-
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LbOMY OTPUMAEMO AeTepMIHAHT KBa3iTPUKYTHOI mMaTpuui, 3 KO, Npu LONOMO3i HACNIAKY :
[ ], nerko ogepxartn napafeTepMiHaHT NPaBOi YaCTUHWU TOTOXHOCTI (1 ).

Teopema 2. CnpaBefnnBoio € TOTOXHICTb
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4aCTUHM TOTOXHOCTI (. ) 4O BigNOBIAHOro napageTepmMiHaHTa. MOTIM, BUKOPUCTOBYHOUM TEO-
peMy Npo 3B’A30K MapanepMaHeHTa 3 napafgeTepMiHaHTOM, Bij OTPMMAHOro napageTepmi-
HanTa nepexognMo 4O naparnepmMaHeHTa MpaBoi YaCTUHU TOTOXHOCTI (. ). O

3ayBaXKeHHA ... Teopema lysaranbHioe TeopeMy Npo 3BA30K JeTepMiHaHTa i3 napajc-
TepMminanToMm i3 /2/ Ta TeopeMy Npo 3B’430K NMepMaHeHTIB i3 geTepMiHaHTamu [5].

Mpuknag : . Hexai

ak(xu x2,...,xn) =

Sk(X] ,Xo, mmm, Xn) — x\+ x2 + mmm+ x$i'

pK(xi, X2, ..., Xn) = x’l‘”x';'
N+12+...+in =K
€ BiiMOBIAHO efleMEHTaPHI CUMETPUYHI MHOTOYNEHN, CTEMeHEBI CYyMW Ta MOBHI OJHOPIAHI CU-
MeTPUYHI MHOTOY/IEHU, TOAI cnpasepnunsi M] geTepMiHAHTI NPeACTAB/IEHHA eNeMeHTApHUX

CUMETPUYHUX MHOTOYNEHIB Ta MOBHUX OJHOPIAHUX CUMMETPUUYHUX MHOTOY/IEHIB Yepes cTene-
HEBI CyMU:

s1 1 0 . 0 «l -1 0 .. 0
s2 Sl 2 . 0 &2 i .92 o 0
1
K
A
BS/c-1  Sfc-2  eSfc-3 - - Ao 1 mSfc-1  oS/t-2 .-/ ,-1)
Sit  eSfc-l 2. Si SK  wsit1 8§\-2 - Si

Topi, BHacNifoK TeopeM 1, 2, iX M0XHa BMpasuTu BignoBigHO u4epes naf ageTepMiHanT Ta
napanepmManenT TPUKYTHOT MaTpuui

.q: l'lz 2 T |S

V o oow Sws o S

NpUYOMYy cnpaBefNuBUMN 6YAYTb TOTOXKHOCTI:

ok- -gddet(A), px = -"pper(J1).
OCTaHHI TOTOXHOCTI [03BONATb MepeiTN L0 BiANOBIAHUX PEKYPEHTHUX CMIiBBIJHOLWEHD.

AN 4b0ro f0CTAaTHLO PO3KNACT NapajeTepMiHAHT TanapanepMaHeuT MaTpuli A3a enemMeH-
TaMi 0CTaHHbLOTO PAJKa.



2 [OEAKITEOPEMW YNCNEHHA MATPUUb

[loBefiemMo [Bi Teopemu, AKi BUKOPUCTOBYIOTHCA MPWU JOCNILKEHHI XapaKkTepy Ta LWBWUAKO-
CTi 36DKHOCTI paLioHanbHUX BKOPOYEHb PEKYPEHTHMX Ap06iB Ta MatOTb [esKe BiJHOLLUEHHS
[0 MaTpuub XecceHbepra.

Hexali 3afiaHa TPUKYTHa MaTpuus
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L€l MaTpULi NPUPOAHO NO3HAUUTK 4epe3 AT . Ha OocHOBI pory

am=-t-1,m+1 A
e@m+2,m+1 ®m+2,m+ 2
Rn,rn+|
\ «n,m+1 «Timt 2 ~nn /
100yaye. \io MaTpuUi
/ 61 \
bj2 ra+2,m+2
\ bjn—m  VT+--* @m/
ne
771+1
b3r = [ ttm+a, 1=12,...,n- M, i=1,2,....,m + 1 (4)

k=j
Teopema 1. Ana maTpuyi (3) BUKOHYOTbCA TOTOXHOCTI

BN
pper(An) = J~pper(Ar) -pper(4.+1), (5)

=0

ddet(A,) ="~ (-1 T rddet(/Ir) -ddet(J5r+i). (6)

JoBegeHHd,. [loBeleMO TOTOXHICTb (5).

1 [loBefemo, L0 YMC/o AOLAHKIB NiBOT YaCTUHW TOTOXHOCTI pPiBHe YnC/y LOAAHKIB npa-
BOi. YMCNo AOAaHKIB NiBOT YaCTUHWU AOPIBHKOE YMCMY BNOPSAAKOBAHUX PO3OUTTIB HaTypasb-
HOro ymcna N Ha HaTypanbHi AOfaHKW | JOpIBHIOE 2n~1. 3HaAeMO 4YMCNO AOAAHKIB MpaBoi
4aCTUHM TOTOXHOCTI. YMCno AoAaHKIB KOXHOro i3 napanepmaHeHTis Br | = 1,2,.... m -f1,
CTaHOBUTb 2n~M~\ TOMY MAaemMoO Cymy

2 (| J_A 2 r_l) - 2I’]~Tr]~\i +.m- 1) =2 n_l.

2. JoBefemo, WO BCi A4OLaHKW MPaBOi YaCTUHU TOTOXHOCTI MOOYAOBaHI 3 e/1eMeHTIB, AKi
YTBOPIOKOTb HOpPManbHi Habopy eneMeHTIB MaTpuLi NaparnepMaHeHTa 3 NiBOT YaCTUHU TOTO-
XHOCTI. 3 Ui€t0 METOH AOCNIANMO AOLAHKM, L0 YTBOPKOKOTLCA B pes3ynbTaTi LOOYTKY mapa-
nepmaneHtis AlIBlr+, r =0,1,.. ., m.

a) KoxeH fofaHoK JOOYTKY MaTMMe N Pi3HMUX CNIBMHOXHUKIB, LU0 € e/leMeHTaMn MaTpuLi
napanepmaHeHTa Am, 60 nmapanepmaHeHT Ar Mae MopAaLoK I, a B KOXEH AO4AHOK napanepma-
HeHTa Br+] Bxogutume n —(r + 1) —1 = n —r CMIBMHOXHMWKIB.

b) KoxeH pogaHOK fOOYTKYy, BHacnifok 3afaHHA efieMeHTIB Hr piBHICTIO (4), MOXHa
nogatn y Burnagi haktopianbHUX A06YTKIB KNHOYOBMX €NIEMEHTIB MapanepmaHeHTa A,,.

3. JosefemMo, IO BCi fJOAaHKM AOOYTKY Pi3Hi, a Le BUNAMBAE i3 TOrO, LIO MepLui CTOBMNMI
napanepmaHeHTis Br+:,r =0,1,...,m, pi3Hi.

[loBefieMO TOTOXHICTb (s ).

lMepw 3a Bce Bif3HAYMMO, LU0 3HAK HOPMaSIbHOro Habopy KOYOBUX €1eMEHTIB MaTpuLi
N-ro NOPsAAKY 3aNeXUTb Bif MapHOCTI YmMcnia n —K, 4e K —YUCI0 KNHYOBUX EN1EMEHTIB LbOro
Habopy. 3HailfeMo cymy NOpPsAAKIiB NapageTepMiHaHTIB MaTpuub Ar i Br+, MMapanepmaHeHT
matpuui Br+ npw gosinbHomy r = 0,1,...,m mae nopagoK n —rn, a napagetepmiHaHT
mMaTpuui Al —Mopagok I, TOMy cyma MOpALKIB napajeTepMiHaHTIB LMX MaTpuLb SOPIBHIOE
n+r —n. MapageTepMiHaHT mMaTpuyi An Mae NopsaoK n.

Po3rnsaHeMo fesakuin pikcoBaHUn HOpManbHUIA Habip K KNHOYOBUX eNeMeHTIB MaTpuui An,
[0 CKnagy AKoro Bxoautb paktopianbHuMin gobytok {asr}, r <rn ™ s ~ n. AnrebpaivyHum
[OMOBHEHHAM [0 LbOro haktopiasibHOro 4o6yTKy y MaTpuui An € 406YTOK napageTepmiHaH-
Ta Ar na napagetepmiHaHT pory Rnd+\ AnrebpaiyHuMM [LOMOBHEHHAM O (haKTOpia/sibHOro
[o6YyTKY enemeHTa {asr m  maSm+l} y napagctepMiHaHTi Br+. € napagetepmiHaHT pory
Rn,s+: - Takum 4YnHOM, 3piBHABLUM 3HAaK (—)n~k hikcoBaHOro HopmasbHOro Habopy napage-
TepMiHaHTa matpuui An i3 3HakoMm (—) n+r-m_*Toro x Habopy enemeHTiB y 406YTKy ddet A,.-
deletd.+i, npuningemo go pisHocti (—)nfc  (—)n+r-n""fc Micnga BigNOBIAHOrO CKOPOYEHHS
MPUXOAMMO O BUCHOBKY, L0 f06yTOK ddet,Ar mcMelllr+ npasoi yacTuHW piBHOCTI (G mae
3HaK (-1)m“r. O



Hacnigok 1. CnpaBegnmBumMu 0y1yTb TOTOXHOCTI

m
pper(An) = pper(l‘lr)rin ”i-l AT+, /Cpper (-Arr, T+ 1 )i
=0 = k=t..

= T
ddet(An) =1 > .)— ololet(Ar)li1 [ ... H feddat(ion/ms2-+) m
r=0 [

IR />N, pir maTpuui An.

Hexali 3aaHO KBafpaTHy MaTpuuto
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Mo3HauMMO feTepMiHaHT MaTpuLi YTBOPEHOI BUAANEHHAM i3 MaTpuui A nepLioro psajaka ta
k-vo cTtoBnus (Hymepalis CTOBMUiB BeAeTbCA Bif HY/bOBOro A0 M-ro) yepe3 Akl

Teopema 2. CnpaBefnnBe peKypeHTHE CMiBBiJHOWEHHS
AN —] KIAK-In T (I2k1Ak-2n -+ (—1)  ak-LiclAn T (=) akk-lAon  (7)

LosegeHHs. [M03aaK y geTepMiHaHTI MiBOT YaCTMHW CNiBBIAHOLWIEHHSA (7) BHACNIAOK BMAaneH-
M k-vO CTOBMUA BiACYTHI €EMEHTWU aife. - m- >n-/c+i,tu TO Y [eTePMiHAHTaX NPaBOi YacTUHM
LbOro CniBBIHOLUEHHS L €/1eMeHTU MOXHa 3aMiHUTW HynsaMu. Po3knafaryu BCi YTBOPEHi
AeTepMiHaHTU MNpPaBOi YaCTUHM CNiBBIJHOLUEHHA 3a efeMeHTaMyn K-ro cToBMUfs, OTPUMAEMO
pO3Knaf AeTepMiHaHTa NiBOi YaCTMHM LOro CMiBBiAHOLLIEHHS 32 eleMeHTaMu K-ro pagka. O
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In this work we research the connections of Hessenberg’s matrix functions with paradeter-
minants and parapennanents.
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CLARK-OCONE TYPE FORMULAS
IN THE MEIXNER WHITE NOISE ANALYSIS

Kachanovsky N.A. Clark-0 cone type formulas in the Meixner white noise analysis, Carpathian
Mathematical Publications, 3, 1 (2011), 56-72.

In the classical Gaussian analysis the Clark-Ocone formula allows to reconstruct an inte-
grand if we know the Ito stochastic integral. This formula can be written in the form

F=EF+ | E{dtF\TI}dWt,

where a function (a random variable) F is square integrable with respect to the Gaussian mea-
sure and differentiable by Hida; E — the expectation; E{ o }>} — the conditional expectation
with respect to a full rr-algebra J~t that is generated by the Wiener process W up to the point
of timei; d F the Hida derivative of F; f o(t)dWt — the Ito stochastic integral with respect

to the Wiener process.

In this paper we explain how to reconstruct an integrand in the case when instead of the
Gaussian measure one considers the so-called generalized Meixner measure p (depending on pa-
rameters, p can be the Gaussian, Poissonian, Gamma measure etc.) and obtain corresponding

Clark-Ocone type formulas.

Introduction

Denote by V the Schwartz space of infinite-differentiable real-valued functions on R+ :=
[ ,t00) with compact supports; by V' the distribution space that is dual of £5 by (-, -) the
pairing between elements of V and V, this pairing is generated by the scalar product in the
space of square integrable with respect to the Lebesgue measure functions on K+; by the
subindex C complexifications of spaces. The notation (-, ® will be preserved for pairing in
tensor powers and complexifications of spaces.

Let /# be the standard Gaussian measure on (V ,C(V')) (here and below C{V) is the
o-algebra on V' that is generated by cylindrical sets), i.e., a probability measure with the
Laplace transform

/,(A)= JI enp(ay) = XeVe.
v

2000 Mathematics Subject Classification: 47B99, 60HO05.
Key words and phrases: generalized Meixner measure, Meixner process, Clark-Ocone formula.
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As it is well known (e.g., [+, 25, 21]), any square integrable with respect to y and differentiable
by Hida complex-valued function F on V' can be presented in the form

F=EF+J E {dtF\jrt }JdWt, ()

where E is the expectation and E{ o |} is the conditional expectation with respect to a
full o-algebra JR that is generated by the Wiener process W up to the point of time / i.e.,
Ft = o(W, :s <t); d.F —the Hida derivative of F and J o(t)dWt —the Ito stochastic
integral with respect to W (usually for stochastic integrals on IR+ we do not write limits of
integration for simplification of notations). Formula (.) is called the Clark-Ocone formula.
As we can see, this formula allows us to reconstruct a version of the integrand (this integrand
is not unique, generally speaking) if we know the result of stochastic integration.

As it is known (e.g., 1, 30]), formula (1) holds true (up to clear modifications) if instead
of the Gaussian measure one considers the Poissonian one. Moreover, one can easily avoid
a restrictive assumption that F must be differentiable by Hida: it is sufficient to generalize
the Clark-Ocone formula to spaces of generalized functions (see, e.g., |7, 9]).

Clark-Ocone formulas and their generalizations (in this paper they will be called Clark-
Ocone type formulas) have applications in the stochastic analysis and in the financial mat he-
matics, see, e.g., [18, 4, 9, 23, 10, 26, 22, 12, s, 0] and references therein. In order to satisfy
demands of applications (for example, in some problems it is necessary to reconstruct an
integrand by the result of integration, in another problems it is necessary to recontsruet a
random variable by the family of conditional expectations of its stochastic derivative, etc.),
different, variants of such formulas on various spaces, with different stochastic derivatives
and with stochastic integrals with respect to various random processes and measures were
obtained, see, in particular, 19, 21, 4, 7, 5, 20, 9, 22, 30, «]. For example, in |21, 20] a
Clark-Ocone type formula that is connected with Levy processes was obtained, this formula
contains stochastic integrals with respect to a Wiener process and with respect to a com-
pensated Poissonian random measure. In |9 an another way of construction of Clark-Ocone
type formulas that are connected with Levy processes was offered, this wav is based on the
Nualart-Schoutens representation for a square integrable random variable [24, 281 now the
Clark-Ocone type formulas contain integrals with respect to special random processes. More-
over, these formulas were obtained in [9 not only for square; integrable random variables,
but also for generalized ones.

In this paper we obtain Clark-Ocone type formulas in the so-called Meixner white noise
analysis. This analysis is connected with the generalized Meixner measure y [27] (see also
Subsection 1.1) which, depending on parameters, can be the Gaussian, Poissonian, Gamma
measure etc., and with the corresponding Meixner random process JV (the derivative of which
is the Meixner white noise that is connected with p). Note that under some assumptions (see
Subsection 1.3) M is a Levy process. Nevertheless, our constructions essentially differ from
the constructions of [21, 20] and [9]: we try to preserve a “classical” form of Clark-Ocone
type formulas and therefore exploit a Hida stochastic derivative and stochastic integrals with
respect to M only. Of course, in the particular cases when p is the Gaussian or Poissonian
measure, our formulas reduce to the corresponding classical Clark-Ocone formulas.



The paper is organized in the following manner. In the first section we recall necessary
definitions and results (the generalized Meixner measure, properties of the corresponding
space of square mtegrable functions, the extended (Skorohod) stochastic integral, the Hida
stochastic derivative, properties of these operators). In the second section we deal with
Clark-Ocone type formulas and related matters. Note that here we obtain these formulas
on the space of square integrable with respect to the generalized Meixner measure functions
only, the case of spaces of generalized functions will be considered in another paper.

1 Preliminaries
1.1 The generalized Meixner measure

Let us define the generalized Meixner measure (see [27] for more details and explanations).
Let p, v : IR+ =C be smooth functions such that

OFp-v. MW->R, n = pu:R+->R+ (2)

and, moreover, ©@and n are bounded on R+. Further, for each t € IR+ let vp™)"L(ds) be a
probability measure on (R.B(R)) (here B(R) is the Borel g-algebra on L which is defined
by its Fourier transform

! =W { - 1Ck + U+

£ (M'MFIT Hoer (,,-2() +Vv,-4t) (1) +... +pr- ())I“. .
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Definition. A probability measure y on the measurable space (Vi,C(V")) with the Fourier
transform

J[V etM p{dx) = exp iAB O Jfl\/lvp{t)<,{t)(c|s)s\(e|>,m - LD

is called the generalized Meixner measure.

Depending on parameters p and u, p we can get, in particular, the Gaussian, Poissonian,
Pascal, Meixner or Gamma measure.

It was proved in [27] that the generalized Meixner measure p is the measure of a gen-
eralized random process [11] with independent values; and the Laplace transform Iu(:) =
fv, exp{(x. my/t/x) of # is a holomorphic at o€ T> function.

1.2 The space of square integrable functions

Let (L2) := L2(V',p) be the space of complex-valued square integrable with respect to
the generalized Meixner measure p functions on Vi. We construct now a natural orthogonal
basis in (L2). For n € N denote by Vn the closure in (L2) of the set of all continuous
polynomials on V' of degree < n, Vo := C. Denote also (L2) := Vn © Vn-\ (the orthogonal

complemention in (L2), (Lg) := C. Since y has a holomorphic at zero Laplace@%ransform,

the set of continuous polynomials on Vi is dense in (L2) [29], therefore (L2) = (E)O(LZ).

Denote by (¥ a symmetric tensor product. For each €Ven,n €2+ (Z® :=C), we
define : (x®n, 7 (n)) : as the orthogonal projection of (roir,/ (n)) onto (L2), x € V'. It follows
from results of [27] that : (x®n, 7/ (n)): = (Pn(X), 7 (n)), where Pn(x) € V'®n are the kernels of
(generalized Appell) polynomials with a generating function . (A) exp{(x, cv(A))}, A€ Vg,

@ -
T(A)oxp{(.r,fv(A)} = " 2 7 (Pn{x), AK"),
n—o
where 0o(A) = A+ X (po—: + pn~2v + == + and
n=2n
7(A 1
(A) U<*M)
exp f N +E — MO + .- +<",(0))n} -
J*+(V 1 n=s 4 o) }:]

Let us define (real, i.e., bilinear) scalar products (-,-)ext on V~n, n € Z+, by setting for
f{n),g{N e Vv il

f

':h\Jv,(W rew rtM * ).

It follows from results of [27] that

({(»)_(\] Yt — b m..ik,] s.]

lisj4a mm+lKaK=n

_ fArty) -1y 18y el T ) A
JR-i+-+«fc femeen ' 4 \% / E % '
+ h h Ik
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N\ 1 Ik
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So, for example, for n = 1 (/(1),, V)& = (/(),« (1) = /R+f PY(t)gw (t)dt, for n = 2
(/(2)-fl{Q)ext = (/(\.c () + j R+.f(2X{t,t)g{t, 17 (t)d.t. If (see (2)) n = 0 (the case of Gaus-
sian or Poissonian /i) then (f{n),g[n))ext = s (1)), in the general case (/(ii),q[n))ext =
/<>, (n}+

Let |- pxi denotes the norm which is generated by the scalar product (-,-)ex, i.e., for
n €Z+ 1I/’>pxt .= J (/(n),/(n))ext- Denote by the Hilbert space which is the closure
of £5fn with respect to |- pIt (in particular, = C).



Let Ft := L.(IR+) be the space of complex-valued square integrable with respect to the
Lebesgue measure functions ..: R+. It is clear that ='H For n € N\{1} the space Y[\
can be understood as an extension of H®n in a generalized sense: let F (n) € 'H®y, /(n) € F(n)
be a representative (a function) from the equivalence class F (n) with a “zero diagonal”, i.e.,
f (n){t.,...,tn) = 0 if there exist i,j € {1,...,n} such that i & j but U =1tj. It is easy
to show ([16]), that the function /(n) generates an equivalence class in A% which can be
identified with F~h

Note that, of course, the space FO"XI depends on the parametric function w/ see (2) (for
example, if n = . then FLN —FL®"), but we do not use n in the designation of this space for
simplification of notation.

Lor F(n) € HML n € ZH we define a polynomial (Pn, F(r)) € (L2) as

(P,,,FW) := (iz)-lliyrpo(P,,, /"">},

where T>M 3—=F " in 7i[% as k — .. (this difinition is well-posed, as is easy to verify).
The forthcoming statement easily follows from the construction of polynomials (Pn, F %) (see
also [27]).

Theorem. A function F € (L2) if and only if there exists a sequence of kernels
(F<>e «2)7 0

such that F can be presented in the form

F=X>,,Pw), (4)

n=0
where the series converges in (L2), i.e., the (L2)-norm of F

[e]e]

1~ I=E "1~ 'IL<oo0. (5)

n=0

Moreover, the system {(Pn.F~), F™ € n € Z+| is an orthogonal basis in (L2) in the
sense that for F,G € (L2) of form (4) the (real) scalar product in (L2)

(X)
(F,G)m =Yin(FA,GA),t.

71=0
1.3 The extended stochastic integral

By analogy with the Gaussian analysis, on the probability triplet (\V,0(T>"),u) we define
the Meixner random process M by setting for each t € E+ ML:= (Pb : 10 £)) € (L2), here and
below 1B (y) is the indicator of the event {y€ B}.

Remark. If the parametric functions p and v (see Subsection 1.1) are constants then M is a
Levy process; but, in general, it is not the case (M can be a not time-homogeneous process).

Using results of [27] one can show that M is a locally square integrable normal martingale
(with respect to the generated by M flow of full g-algebras) with orthogonal independent
increments, therefore one can consider the Ito stochastic integral with respect; to M.

Let us recall the construction of the extended (Skorohod) stochastic integral with respect
to M (see [16] for details). Let G € (L2) «=Ft. It follows from above-posed results that G

can be presented in the form )

G(-) = Y (P nGW), (6)
n=0
00
&E>e «W 0 % Wth [|G]]MeM = En!|G!">]|",jeK < 00.

If in addition G is such that the kernels Gtl'* belong to H®" ® 'H ¢ ®N (Me
embedding in the generalized sense described above) then one can show [16] that F can be
presented in the form

00 poo pin ft2
Gl) —Y ™/ /7 Gn)(U,....tn)dMtl...dMu, @)
=0 /0 /0 do

i.e., as a series of repeated Ito stochastic integrals with respect to the Meixner process. In
this case one can define the extended stochastic integral of G with respect to M as

j. 00 /00 pi pln pi2 A
G{OAMt: =Y (n + I\ 7 / GLtl,....tn,t)dMh ...dMtndMI =
71=0
® .
5 (P n+,0M) € (L2)
n—o
(cf. [2 3 1]), where G(n) € H®n+l ¢ are the projections of Gff) onto Mw-+1, if this

series converges in (L2). Note that if in addition G is integrable by Ito then series (s ) is the
result of term by term integration of series (7), the convergence of (s ) in (L2) follows in this
case from the condition G € (L2) ii H.

For a general G € (L2) Tl 'H the above mentioned definition cannot be accepted because
it is impossible to project elements of A g>A_ onto FL "1 generally speaking. Never-
theless, the following natural generalization is possible. Let G~ € A% ® 'H We select a

representative (a function) g~ € G” with the property g[n\t.,- -,tn) =, if there exists
] €{1,... ,n}such that t3=1t Let us define the element G{) € as the equivalence
class in that is generated by the symmetrization of g (n) with respect to n + . variables
(note that for n = 0 we have HW, TI'H="H3 G~ = G0 €EFt = A Was Proved in

[16] that G(n) is well-defined and \Gn)¥xt < Hv A H-

Definition. Let G € (12)ii4 and be such that ~ (n+1)!|G(it)fd < oo, where the elements

G € were constructed above by the kernels G[n) € Afxt 1T 4 from decomposition
6) for G.  We define the extended stochastic integral with respect to M J G{t)dM, € [L2)
by setting
r ) 00
/ G(t)dMt : = Y (P n+l,G7).
0

n=



In particular cases, when the generalized Meixner measure p is the Gaussian or Poissonian
one, the operator J o(t)dM, is the classical extended Skorohod stochastic integral [, 3, : |}
The forthcoming statement explains why we preserve this term in a general case.

Theorem. fl16l) Let G € (L2) & 'H and be integrable by Itd with respect to M (i.e., be
adapted with respect to the generated by M flow of g-algebras). Then G is integrable in the
extended sense, and j G(t)dMt =1 G(t)dMt (the last integral is the Ito one).

1.4 The Hida stochastic derivative

Finally, let us recall the notion of the Hida stochastic derivative in the Meixner white
noise analysis (see [14, 15) for more details). First we note that, as it was proved in [16], any
F(n € n £ N, can he considered as an element F(n)(:) of the space ®'H, and

Definition. Let F € (L2) and be such that

00

7= =T ©
where F(n)(:) arc the kernels from decomposition (4) for F, in point as elements ofHA®H -
We define the Hida stochastic derivative d.F € (L2) & 'H by setting

d.F:=J2'n(Pn~uF~(-)).
n=1

Theorem. f/IC/) The extended stochastic integral f o(t)dM, : (L2) & 'H —(L2) and the
Hida stochastic derivative d. : (L2) — (L2)®'H are adjoint one to another, and, in particular,
arc closed operators.

2 Clark-Ocone type formulas and related matters

21 A Clark-Ocone formula in the simplest particular case and problems of the
general case

Let / be the generalized Meixner measure on (V,C(V')). In the case when / is not the
Gaussian or Poissonian measure (n @ 0, see (2)), but F € (L2) is differentiable by Hida and
is such that all kernels F(l) from decomposition (4) belong to 'H (now we consider
as a subspace of in the generalized sense described in Subsection ... ), the analog of
classical Clark-Ocone formula (i) has a form

F = EF+ | E{dtF\rt}dMt, (10)

where the notation as in (1) up to obvious modifications (for example, TL=a(Ms :s <1)).
Using the definitions of the Hida stochastic derivative, of the extended stochastic integral

and the fact that for an integrable by Ito integrand this integral coincides with the Ito one,
of the expectation (EF = Jv, F(x)u(dx)), and the fact that for F € (L2) of form (4)

(e]e]

= (P, ,Fim) + 32(P,,FM Ip..-) ()
n=:

[17], one can conclude that (10) is valid if for any n € N\{1} and for each F(n C 'H "
NnEr(F(n)(-1,.... -.-i, -m1fo,.)"=1(-1, -+, 'n-i)) = F(n)

in TL@&, hereandbelow Pr denotes a symmetrization with respect to allvariables. But this
equality isfulfilled inW y =L2(R+,m)Nb (m. is the Lebesgue measure onR.()because if

t\........ In are mutually different then Prl[o,(.n)«-i(#i,----- <«i) = ™ and m & ({t\........ /.}
3i,] £ 1. n} :i ¢ j.t, =1t) =0 Note that one canprove (1) and its Poissonian

counterpart by the same way.
In the general case not each F € (L2) can be presented even in the form

F=EF+ | G(t)dMt, (12)

G € (L2) » 4 (see Proposition 2.1 below for details). But even if F € (L2) is representable
in form (12), formula (10) can be not valid. For example, let F = (Fs.F (3), F(i) C 4[",-
Then EF =0 and it is not difficult to calculate that

I E{cV;V, }dMt = (PAF@Q)(-1,2,3) (L1 3)2('s '2) + 1 [0=) (> >) + llo..,)rb>"w¥)):
therefore using (5) and (3) we obtain

iF - J E{dtF\"}dMf {12 = |Fs o - [1f,s)*(1, -r) + 1[0:2):('3, -1) + 1[0, M 3)])IL =

18 | \F)(tu tu t2\2'ifil=>h}V(ti)dtldt2+ 12 | |FE)(i, ii, ii) ]V (ii)™i-
JR2 JR+

If F@ is such that JR+ |F(:)(ib U, U\2rf(tX)dtx= 0 then(P3,F (3)) can be presented in form
(12) (see Poposition 2.1 below), but, as we can see fromthe calculation above, even under
this condition it is possible that F ¢ J ~E{dtF\jrt}dMt.

Remark 2.1. It is easy to understand intuitively why Clark-Ocone formula (10) is not valid
in the general case: in order to calculate the norms in 'H)”), n > 2, one has to use nonsyrn-
mctrical functions, e.g., Q(tu t2) := F{3(tL,t1,t2); but applying the conditional expectation
we ‘tut off”such functions and therefore lose an information.

In what follows, we clarify a condition of representability of F € (L2) in form (12). and
explain how to reconstruct an integrand G.



2.2 A belonging of square integrable functions to the range of values of the
extended stochastic integral

We begin from a simple example. Let F = (F.,F(2)), < € U 2. It is clear that if F
is representable in form (12) then G(-) = (Fb G(1)), G() € Ut i, U, and F(Q = G(1) (see
Subsection 1.3). But since by construction G(1) contains a representative #1) such that for
each /€ R+ 1)(/,t) = 0, we have a necessary condition of representability of (P2, F"1]) in
form (12): F (2 must contain a representative /(2 such that for each t € R+ /()(i,i) = 0.
Moreover, it, is easy to see that this condition is sufficient: one can set G(,)"= F(2)(:) (i.e.,
we consider F (2 as an element of TiLl] ii H).

In a general case the situation is quite similar. Namely, we have the following statement,.

Proposition . ... Let F € (L2). The following statements are equivalent:
(1) F can be presented in form (12) with an integrand G € (L2)1i 'H.

(2) for each n G N\{1} the kernel F(n) ¢ H%} from decomposition (4) for F lias a rep-
resentative /W such that /<«)(«,........ tn) = o if for each i € {l,...,n} there exists
] €{l,---- n} such thati dj, but t{—tj.

Remark 2.2. If, for example, n = 0 (see (2)) then for each F € (L2) the condition of
sial.eine.nl- (2) is automatically fulfilled. In fad, it follows from (3) that considering properties
of representatives ol F(n) € H™, n € N\{1}, one can ignore families ofarguments {iA___tn}
foi which there existi,j € {.,.... n} such thati ¢ j,ir=tj, Z/t) =. (i.e.,, one can redefine
these representatives on described families of arguments in compliance with necessity).

Proof. First we prove this proposition for F = (Pn,F(n)), F(n) € n € N\{1}.

1) (“(2)=>(1)") Let /(") be a representative of F(n) that is described in the condition of
statement (. ). Without loss of generality one can assume that is a symmetric function.
We set

[>Kt., -=/In) = =

U wdn-27n-1} + ¢

{lg is the indicator of the event B),

9f Xtu- mmn-x) := ( If K{tu 'mf’ * , (14)
Io, ifhn(tu...,tn_ut)zo

(note that if hn{t\,..., tn-.,t) —, then f*n\t\, ... ,in_1,t) = . by the condition of state-
ment, (»)). Using (3), nonatomicity of the Lebesgue measure, the equality

for different, t\.....t,I+..t Kt (here k I,s. EN, h > mm>h, hsi H---—--- ¥k*k =» - 1), and
the condition from statement (.) (in the last inequality of the forthcoming calculation), we

obtain
In(«'l)l2 = V' (0- 111--——- X
ni'lt )®n V... Lksd.... sk\
Is1+-HKK="-1
, I Ait\, o0\, B s, - - ASH---fsTY| X
,Sj + m+sfe + | SRS VR RS n y
+ h h.
fo (M) - VK ("sH---lsk)dt\ m . dtsq}--fskdt, —
N\
n

ki siaN =1k 1,>->le, IV...liksi\...skK\
181+ Ak'k+]=n

e \tx...n¥ {t*I+-+skdti mmmg”™ m '
n

" N N
klj,S€H j:|§< n>-siken © 1SN (SREINSK+T)X

h»i+-m™ i'k i+*k+1=n

|—| 1 i/, ., rl/, /]S - 77 < n]F( gt < OO.

Therefore the function ((n~1) generates an element (an equivalence class) G(n T € 'H™L }iiPI.
It is easy to see that G(n 1) = F(n) (see Subsection 1.3): for the representative r(n 1) €
G(n 1) which is defined by (14) *n_)(‘i, --+,-n) = I ~(i, - = n-i) - IR\ mmar n) =
() (.o ) € F(n) because /(n) is a symmetric function described in the condition of
statement (2). Set G(-) := (Fn_i, G(n“1). Now F = f G(t)dMh so, the condition of state-

ment (.) is fulfilled.
) (“(1)=>(2)”) Let the condition of statement. (1) be fulfilled, i.e.,

(P,,,/*’_% :J (Pn_ UG(")dM h GI”_ll eH% ;']®|/|

By definition of the extended stochastic integral it means that F(n) = G(,,_I\ but an element
E£(»-1) e ~(n) satisfles the condition from statement (. ) by construction.

The carryover of the result to the general case is trivial, we note only that if F € (L ) and
satisfies the condition of statement (.) then the formally constructed integrand G belongs
to (L2) 'H because for each n € N we have |Gn —n\ ( » oon=LG

FQHen= therefore ||Gr. 2)SK = bxy <



Remark 2.3. Let F G (12) and be presentable in the form F = EF + ¢ Q(t)dMt, where
Q() = T.n=i(pn-uG-n 1)), sS(h ~ G Trext » ® 35 a formal series (i.e., this scries can
diverge in (12) o 'H) and f Q[t)dMt is a formal stochastic integral, ie., [ Q(t)dMt =
Y A=\[Pn-.Q(n~)) m As. is easy to see, now for each n ¢ N F(n) = in KM\, there-
fore F satisfies the condition of statement (2) of Proposition 2.1 whence it follows that F
can be presented in form (12) with an integrand G G (L2) oc % (note that, G ¢ q, generally
speaking). So, in what follows, in corresponding places we will write “F can be presented in
form. (12) " without the reminder that G ¢ (L2) $H

Remark 2.4. If F = (Pn,F”), n ¢ N\{1}, cannot be presented in form (12), one still can
define the function by (14) and construct the corresponding element € 'HM\.
But now F~ ¢ G(n~V in?{"l ancl < \Fn)%t (the norm |F(n)-G (n_1)\ext contains
integrals by families of arguments for which hn is equal to zero).

Corollary. If F G (L2) and is presentable in form (12) then the kernels e ‘Hi", »
from decomposition (s) of an integrand can be constructed by representatives (14).

2.3 Clark-Ocone type formulas

It is described above how for a representable in form (12) random variable F 6 (L2) to
reconstruct a corresponding integrand G ¢ (L2)®'H But such a description is not convenient
for applications. In this subsection we prove statements, in which an integrand G for a given
F is presented in a more convenient for applications form.

We begin from some preparation. For n ¢ N\{1} and tn ¢ R+ set hn(t\ ..., tn) :=
nhn(ti..... /), where the functions hn are defined in (13); set also \ = 1. Further, for
G G'H,';, « U. ne Z+, set

S (O (T e ) = 0 ], IE A+ (b - omnL ) 40
~NAn+I*<1? - )'m’) 0
It is easy to see that G(n) € ®H and

(15>
For G ¢ (L2) ® H we define

n=0

where the kernels G{n) are constructed by the kernels G(n) from decomposition () for G. It
follows from estimate (15) that Ais a linear continuous operator in (L2) 'H

Theorem 1. Let F G (L2), be presentable in form (12) (see Proposition 2.1) and belongs
to the domain of the Hida stochastic derivative (see (9)J. Then the representation

F=EF +J AdFdMt (16)

is valid, where f AdtFdMt :=f (Ad.F)(t)dMt.

Remark 2.5. In the classical Gaussian (and Poissonian) analysis one can reconstruct F-EF
for differentiable by Hida F 6 (L2) by using of the Clark-Ocone formula if d.F is known.
But, in the Meixner white noise analysis it is not the case: now it is impossible to reconstruct
even (Pn,F(n) (n 6 N\{1}3 if d.(Pn,F™n)) is known, generally speaking, because dilfercnt
F(”) € can coincide as elements of 3>'H.  Nevertheless, for F satisfying the
conditions of Theorem 1 F - EF can be reconstructed if d.F is known. But for such a
reconstruction one has to use the extended stochastic integral in Clark-Ocone type formula
(16) because Ad.F can be nonintcgrable by Itd.

Proof. It is sufficient to prove the theorem for F = (Pn,F(n)), F(n) € H, n ¢ N\{1} (the
cases n =0 and n = 1 are trivial). Let us accept by definition jj := 0. Using the definitions
of the Hida stochastic derivative and of the operator A we can write

Ad.F =n(Pn.u F™(:)) =n(pn. i, /n)(b-"-"'n~b ) =(P,, ...

' I ) ' finYbm w7 bl °
where G F™ € 'Heyl is a symmetric function described in statement (2) of Proposi-
tion 2.1 (note that if for a family of arguments ..., tn-\, t c R+ hn(t\,..., in_i. t) = 0 then
fAHLE L tn-\, t) = 0). But by construction of the kernels of the extended stochastic inte-

gral (see Subsection 1.3) we have now —f(n) £ ("), whence j (Ad.(Pn.F(n))(1)dM, =
(F,,, F(n)), which is what had to be proved. O

Corollary. If F ¢ (L2), can be presented in form (12) and belongs to the domain of the
Hida stochastic derivative then an integrand G from (12) can be presented in the form

G(-) = AD.F

Formula (16) can be interpreted as a Clark-Ocone type formula in the Meixner white noise
analysis, but this formula is not a direct analog of classical Clark-Ocone formula (1). In fact,
if u is the Gaussian or Poissonian measure then, as is easily seen, for G ¢ (L2) H we have
(AG)(-) = XL, (Ft, where G(n) ¢ H® x>'H are the kernels from decomposition (6)
for G. On the other hand, one can understand G as the family of functions ¢Q: R +—(L2)
(\\a WL2®n < 0o, a ¢ 0 —some set of indexes) that is defined by an arbitrary representative
(in ¢ G and is such that for arbitrary «.,0. G © ||fT —gnz]|¢$w = 0. In this case

G (L2) &'H is an equivalense class in (L2) <3H that contains the family of
functions R+ 3 i 4 E{-u()]j<(} ~vc ©, and even for G of form G(-) = d.F, F 6 (L~), we
have E{G(-)U} = Z n=o(Pn™(n)tfo.)n) @ [AG){:), generally speaking.

Let us obtain a direct analog of formula (1) in the Meixner white noise analysis. For
n G Nand t\,..., tn,t G R+ set

LifV, C{Lluwe s (VW G{Loe.n\{*} U 1)) It </

0, in other cases,

i.,e., XnAuU, t.,) = 1 if all ti of the multiplicity one are smaller than t. For example,
\35(6,6,4) = 1 (4 < 5, 6 has the multiplicity two), but \s.5(6,4,4) = 0 (6 > 5, 6 has



the multiplicity one). Set also x0- = 1- For F € (L2) and t € K+ define an operator
E{F|*} € (12) by setting

()
E{FU}:=~{F,, ,F("X,,), (17)
| n=0
where F(n) e are the kernelsJrom decomposition (4) for F. As is easily seen, we have

\F{n)xnj\exl < || |exi, therefore E{ o |} is a linear continuous operator in (L2).

Remark . .. . We use for the operator E{o|~(} the notation that is similar to the designation
of a conditional expectation because these operators arc similar in a sense: cf. (17) and
(11). Moreover, it is easy to see that in the Gaussian and Poissonian cases E{ o |jc,} =
E{ ° ljt, } because for n € N xnd = I[o,t)” in 7i®n (i.e., these two functions belong to the same
equivalence class in this space).

Theorem .. Let F € (L2), be presentable in form (12) (see Proposition 2.1) and belong to
the domain of the Hida stochastic derivative (see (9)). Then the representation

F —EF +J "E{dtR\jrt }dMt (18)
is valid.

Remark 2.7. If the kernels F (n) from decomposition (4) for F can be considered as elements
<f'fl  (see Subsection 1.2) then formula (18) reduces to (10).

Proof. It is sufficient to prove the theorem for F = (Pn,F (n)}, F(n) € n € N\{1} (the
casesn = 0and n = 1lare trivial). Let € F " and be a symmetric function described in
statment (. ) of Proposition 2.1. Then for almost all (with respect to the Lebesgue measure)
lER+a,(/,/(">) =»(/>,.,,/«(()), =n(/vb /«Hi)*,,-,,,), and

- E{ch(K. F<")\r ,}dM, = J
J

Therefore we have to show that nf>\", h. e F™ in H{'\ Using the construction of

f {n){-)Xn--.,., (3), nonatomicity of the Lebesgue measure and the fact that IS a symmetric
function satisfying the condition from statement (. ) of Proposition . .., we obtain

I > - = /T -/ TTH O

2 "
IS1 jS k-1 1 |x

klisieN j=x k. ISk, 10 ke q1—ske
45> STty ] M) %

AN ANLLL meEe i+ [ <tFi+-+*fot*i +. Ao i+ 2<t*i+.+*fe tri+-+*fe | <t*l+ o>
[{t*1+..+ fc<tn +..45fc_i,tn +..+*c_1+I<tr1+. .+ T—.. . t* 1+ DA-2<in +.dfc I} —..°

ALH i - e (42<EN o bde i+ i, 14+ B0 1+ 3«* 1k ¥ 1] AL o<, j +...+efc_1+1}]

d-'iK)... Vel 1(iil+..+efc 1)dii... dt8l+.48k = 0

(for different tSI{__ bsfc-i+, - - -, tSI+..4+5 one and only one indicator in this calculation is equal
to one; other cases can be ignored because

il k({i51] fsfe_i+lj---, fsk} -
Ji,je{Si+---+Sk.:+.,-.., 9+ ---+Sk}:ipj,U=t]) —,

where m is the Lebesgue measure on M+), M

Remark 2.8. One can introduce a linear continuous operator E{ o (-)]*} in (L2) i7 Feby
setting (cf. {17))

E{G(-)k} :=Z(Pn,a” Xn), (19)

n--0
where G(n) € TexiiTH are the kernels from decomposition (s ) for G. In this case formula (18)
holds true if we accept by definition f ~E{dtF\:t }dMt := J E{<OQ.F|jr }(t)dMt (cf. Theorem 1).
Note that if G € {12)ii'H and 5 € G is a representative of G then the function IR+ 9 t K>
E{g(i)]jrt} € (L2) (see (17)] generates the equivalence class in (L2) Tl 'H that coincides with

E{G(-)U} (see (19)].

Remark 2.9. Clark-Ocone type formulas (16) and (18) were proved under a very restrictive
assumption that a random variable F € (L2) is differentiable by Hida. But one can easily
avoid this restriction considering d. as a linear continuous operator acting from (L*) to
(L2)°! ¢H where (L2)°1is the so-called parametrized Kondratiev-type space of regular
generalized functions [13], and introducing A.and E{ o p } as linear continuous operators in
(Loyo j @¥H and (L.)o, correspondingly by analogy with definitions given above.

As we can see, the use of the extended stochastic integral and of special operators in
Clark-Ocone type formulas is stipulated by properties of the generalized Meixner measure.
Nevertheless, in some particular cases one can use the Ito stochastic integral and the condi-
tional expectation. Let us consider the question about this possibility in more details.

Theorem 3. Let F € (L2) and belong to the domain of the Llida stochastic derivative (see
(9)). Then the following statements are equivalent:

(1) F can be presented in form (10);

(2) for each n € N\{1} the kernel F(n) € 772 from decomposition (4) for F has a repre-
sentative /(n) € F () such that f {n)(tu ..., tn) = 0 if there existi,j € {1,...,n}, 1 D],
such that max{ii,... .£,} = U=1j (i.e., if the multiplicity of maximal t. € tn}
is greater than one).

Remark 2.10. It is easy to see, if for some F € (L2) the condition of statement (2) of this
theorem is fulfilled (for example, it is so in the case n —O0 (see (2))) then the condition of
statement (2) of Proposition 2.1 is fulfilled too.



Proof. It is sufficient to prove the theorem for F = (Pu,F(,,)}, F(n) € 'H"L, n € N\{1}.

) ( (2)="(1)M Let f~ Dbe a representative of F~ that is described in the condition of
statement (. ). Without Joss of generality one can assume that f {0) is a symmetric function.
Using (::), properties of the extended stochastic integral (see Subsection :..). and the
fact that it /YI[o,inn-i (t\,.... tn_\) = o then j™n)(t\...., tn) —, by the condition from

statement: (2) (because Pri[QLy,-\(/b .... /,,_,) = ifand only if the multiplicity of maximal
/€ (,1-—--Iis greater than one), we obtain

| E{dtF\rt}dMt=j E fA)NTtIME =j n(P,_i, f (\t)1[0Dn-\)dM, =
IV (= (PR E(N) = F

) (n(1)=»(2)») If F = (F,, F(t) can be presented in form (10) then, as is easy to cal-
culate, n A n>(-). i = fW. But by construction the equivalence class n A n)(')1]0)s-i €

7i\Ji contains a function /M that satisfies the condition from statement (. ). one can consider
a symmetric function f {n) € F(n) in and set

£)  f/ @ ), if Pr ) LG, - i00) 0
10 it AT, T ([ *0ei) =

L]

Proposition 2.2. Let F € (L2). belong to the domain of the Hida stochastic derivative

(see (9)) and be presentable in form (10) (see Theorem 3). Then E{d.F\jr } = E{d.F\jr }
in (L2) ¥ H (sec Remark 2.5).

Proof. It is sufficient to prove the statement for F = (Pn,F”), F{n) ¢ H[dL n € N\{1}
(the cases n = 0and n = lare trivial). Let /(l) be a representative of F (n) that is described
in the condition of statement (. ) of Theorem 3. It is sufficient to show that /(n)(:)\«-1 =

JOUH)[0 -+ inn g ]HT-L Let t\.. |l e R+and be such that f " ~ (I \ 1)

is wdl-defiru'd. As is easy to see, if Xn_h..(/.,,.. -V, (/. ¢ o tnenthe
multiplicity of max{ii--—--- tn_u t} is greater then one, but in this case f {n)(tu o, thout)=
o . S0, in any case /()] » DN ) - 1[0p),,-i )] = . and
therefore |A0)(:)[\'T—. - + p,In-:]IW(*-)@N= o, which is what had to be proved. O
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KayaHoBcbkuii M.O. ®opmynn Tuny Knapka-OKoHa y MailKCHepiBCbKOMY aHanisi, 6inoro wy-
My 1! KapnaTtcbki matemaTtnyHi nyé6nikauii. — 2011, —aT.3, J/I°'l. — C. 56-72.

Y Kknacu4Homy raycciBcbkomy aHanisi popmyna Knapka-OKoHa [03BO/NSE BiATBOPUTK Tiig-
iHTerpanbHy (QYHKUilO, AKLWO BifOMWA CTOXacTUYHMIA iHTerpan Ito. Lo hopmyny moXkHa 3a-
nucatu y BUrnagi

F=EF+ j E{dtF\f, }JdWt,

fe yHKUia (BMNagkoBa BennuuHa) F € KkBajpaTU4HO iHTErpoBHOK 3a raycciBCbKOK Mipoto Ta
AudbepeHuilioBHoto 3a Xigot; E —matematnuHe cnogiBaHHs; E{o]”-(} —ymoBHe mMaTeMaTuuHe
cnofiBaHHA BifJHOCHO MOBHOI g-anrebpu Ft, nopoXeHoT BiHepiBCbKUM npouecom W [0 MOMeH-
Ty yacy d.F ~ noxigHa Xign F; f o(t)dWt — cToxacTu4HuiA iHTerpan ITo 3a BiHEPIBCbKUM
npoLiecom.

Y Uil cTaTTi MM MNOSICHKEMO AIK BiATBOPUTU MifiHTerpanbHy (YHKLUiO y Bunagky, Koam
3aMiCTb raycciBCbKOI Mipy po3rnfafaeTbCa Tak 3BaHa y3aranbHeHa Mipa MalikcHepa p (B 3anex-
HOCTI Bif napameTpiB U MoXe OyTW raycciBCbKOK, MyacCOHIBCbKOK, ramma Mipow Ta iH.), Ta
oTpMMyemoO BignosigHi popmynn Tuny Knapka-OkoHa.

KauvaHoBcknii H.A. ®opmynn Tnna Knapka-OkoHa B MaliKCMepOBCKOM aunanuie 6enoro wyma
// Kapnatckue matematmyeckue nybnukaumm. — 2011, — T.3, Nol. — C. 56-72.

B Kknac.cMyeckoMm rayccoBCKOM aHanuse cpopl\nyna Knapka-OKoHa No3BOnAeT BOCCTAHOBUTH

NoAbiHTErpanbHyt0 (YHKLMIO, €CM U3BECTEH CTOXAacTHYEeCKWiA MHTerpan Uto. 3Ty dopmyny
MOXHO 3anucaTb B BUfe

F=EF+ | E{dtF\F,}dWt,

rae yHkuma (cnydyaiiHas BennumHa) F KBagpaTMyHO MHTErpuMpyema fo rayccoBCKOlW Mepe n
anddepeHyHpyema no Xuge; E — matematnyeckoe oxuganue; E{ O‘jrt}—ycnOBHoe marte-
MaTM4YecKoe OXXMAaHWe OTHOCUTENbHO MONHOWN ¢-anrebpbi Ft, NOpoXXAEeHHON BMHEPOBCKUM MpO-
yeccom IV go momeHTa BpemeHun t; d.F —nponsBogHas Xugei F', f o(t,)dWt. — cToxacTHYecKuiA
nHTerpan VIto no BMUHEpPOBCKOMY MpoLeccy.

B 370li cTaTbe Mbi 06TACHSEM KakK BOCCTAHOBUTb MOAbIHTErpanbHyk yHKLUMWIO B Caydae,
KOrja BMeCTO rayCCOBCKOW Mepbi paccmaTpmBaeTCs Tak Ha3biBaemas 0606uweHHas mepa Malikc-
Hepa U (B 3aBMCMMOCTN OT MapaMeTpoB [P MOXeT 6biTb raycCOBCKOW, MyacCOHOBCKOW, ramma
Mepoli u 4p.), N nonyyaem eooTBeTcTByOWwme popmynm tnna Knapka-OkoHa.

Lozynska V.Ya. Exponential type distributions and a generalized functional calculus for gener-
ators of Co-groups, Carpathian Mathematical Publications, 3, 1 (2011), 73 84.

The properties of a dual space to a space of entire functions of exponential type of many
complex variables, that on the real subspace belongs to Lp(K"™) (1 < p < o00) are described.
A functional calculus for generators of strongly continuous groups of bounded linear operators
on an arbitrary Banach space in a Fourier-image of such dual space is constructed.

Introduction

In this paper we consider a space of entire functions of exponential type for which their
restriction onto the real subspace belong to Lp(Rn) (1 <p < 00). This space has a property
to be invariant with respect to the action of partial differential operators. This property al-
lows us to introduce in the dual space of linear continuous functionals (so called exponential
type distributions) a convolution operation and we can consider this space as a convolu-
tion topological algebra. In the Fourier-image of such algebra we construct a functional
calculus for generators of strongly continuous multi-parameter groups on a Banach space.
This functional calculus is a generalization of the well-known Fourier operator transform for
convolution algebras of measures [:],[: ] and the calculus for generators of nonquasianalytic
groups in algebras of entire functions of exponential type |12]. This approach gives an effec-
tive method for investigation of differential operators and functions of them. We construct
the functional calculus as generalized functions of generators of Co-groups. In practice some
generalized functions (d-functions) of concrete operators appear in the Quantum theory J3],
Kl-

The existence of the structure of the convolution algebra on the space of exponential type
distributions follows from the invariant properties in this space with respect to differential
operators and plays a crucial role to construct the functional calculus. The invariant proper-
ties of subspaces of exponential type of entire functions in a wide context exponential type
vectors of unbounded linear operators on the Banach spaces are used in the operator calculus
[14], [10], [5], in the theory of Differential equations [14], [ ] and in the Approximation theory
in Banach spaces [s ], [15].

2000 Mathematics Subject Classification: 47A60.
Key words and phrases: exponential type distributions, generalized functional calculus, Fourier-image.



1 Algebras of exponential type distributions
1.1  Spaces of entire functions of exponential type

We define a space of test functions and prove its basic properties. Let Lp(Wh) (1 <p < c0
be a complex Banach space of functions ¢{i), t = (t\,..., tn) € Mn, with the norm

1/p

m\LP \pit)\p dt

We use next notations k = (k\,..., kn) €22, N =R+ ... +kn, A= RK\m =mkn\

hr = (k\r,.... knr) forr € C, Dk —DHK ... where Dj = —d/dtj for all ;"' =1 K n.
The domain of . he operator of part ial differentiation £ is: doui (Df) & §o £ doin (DK* -
0,0 e doin (DK ")} for ki > 1, doin(Dj) = Lp for k§ —O for all j —1,.,.,n. Hence,

doni (D ) = Mdoiu(Ly) is the domain of the operator D .

J= 1
If € Lp(Rn) and ¢ £ Lq(Un), where —i— = 1, then convolution is defined by
(p*)(i) = |
F%ntb
to the convolution.
Let us consider ... Lp(Rn) the following isometric shift group

(B)o(i —s)ds. For p = 1the space L\(Rn) is a Banach algebra with respect

7, - e-i(DI+ "+1"D") Q1) — wp(t - ), s = (si, ...,Sn) € M,
where 0)i = —g/ it ..., Dn = —d/dtn arc the operators of partial differentiation.
For an arbitrary vector i¥=  ,...,un), Y>0 (j =1,..., n) we define the space

IfIVII
= {j,e M dom(D*): Mir; =g |k b <

where t = (/cb..., ), uk=uKk -... - i, = D\x... D,,n. From the next inequality
[,, < \\\\e< which is true for an arbitrary ¢ £ EC it follows that the embedding E( c
Lv(WI) is continuous.
In the class of entire analytic functions of n complex variables Cn 9 t+r1T —>®(t +ir) €
C we consider a subspace J14p = Adp(Cn) of functions ® such that for cach fixed vector
r = (t1,..., M) £ M" a corresponding function of n real variables R” 9 t —>®(i + i)
belongs to the space Lp(Kn) such that the norm

1/p

\M" = supexp (V .\ ID(i + ir)\pdt
L sup p(,qvno (i +ir)\p

is finite. It is know [13] that the spaces M ? consist of the functions of exponential type.
Functions ®(t +ir) from the class M p such that each ¢(i) = ®E+rO € Lp(Rn) satisfies
the Bernstein’s inequality ([13], 111, 3.2.2) ([1], IV, 8.3) on Rn:

Exponential type distributions and a generalized functional calculus

Theorem 1. (i) The mapping M p 3 ®(i +iT) —» Y(i) := (i + rO € EC is an isometry of
the normed spaces.

(i) The embeddings Bp C Lp(Kn) are isometric.

(i) The spaccs Ep are invariant with respect to the action of the group TL,, and the
restriction I\s: Ep — >BEp is an isometry of the normed spaces.

Proof, (i) Let ® € M p. A restriction tp(t) = ® of a functions ®(t +iT) € M p on the real
subspace LLh satisfies the Bernstein’s inequality (1)

V4 AWiI, <vkM Lr Yo € (2)

where uk = muK'. From (2) we obtain |V]|* < IMU,,- From the definition of the
norm of the space M'p it follows |M]lp < ||} (v € M p), i.e. Mp |~ C £p.

Conversely, let ¢ € 8p. Let us consider the power series ¢{i +iT) = 2 - Tj---—--m lic

RE
following inequalities

(/Mt+irm) ™ < £ LIEM b <Mhexp (£ ¢ A
\% ifa=" ‘ Vij=i
are valid so ||[®I™ < MUp- The series is convergent and the function ip(t +iT) is an entire
function of class M p. Hence B C M p |"n and we obtain By = M'p |’
(i) Since \NONp < \Ne», then || < WRe. < \W\p < LdLv- < W\ (MU € Bp)

and a necessary isometric isomorphism is Bp = AM\p |™n. In particular Ep C Lp(WI).

(i)  Forall k € Z" and s €Rn next equality \\"SDkip\\.p = \\DK"\\Lp is valid. From
the identity Dkij)(s) —T-tDk<f(s), where ¢ : Rw3 s—=T-3p(i), we obtain \\Oxd(.u)\\ip =
| IDV(s)|Up. Then the inequality (1) has the view \Wkt\\sp < uk ||*|UP- From this we obtain
the inequality

(/7 m+iT)\4t"] <M b exp”™ ™ uj\j\j,
R" J=1

then o €M p. M
Theorem 2. Bp are Banach spaces.

Proof. Each of operators Dj on Lp(Rn) (j = 1-----n) is a generator of a one-parameter
isometric shift group [9]

ofn  ~e{iv---itj-i, § ey tjHi 1)

We use theinequality ||-D*VIkP < Ye £ %r AN A+ N WmE ois a Cauchy
sequence in E", then {Dkgn } is the same sequence in Lp(Rn) for every fixed k To the
induction (by k) and that Dj in Lp(Rn) is closed it follows that there is a function ¢ € bp(>K),

for which
lim I pVm-~"VIU -, (3



for any k Then for any € >, there is a number T(¢) such that

€

IDkyn - Dkipt\NL ¢
n +

€
"*>u - LH\\(‘:“ < OSImaX(e) . <T 4 £ (4)

for all ™, > m(e). Thus \\g\\» < []"m@EI™ + \\Mf) - U\\e$ < |nE)]IfF* + ¢ for all
/> m(e).We take a limit in the last inequality for | —o00 and use the inequality (4), we

obtain \\\Ne» < \\an{fe)\\e- + €. Thus, ¢ € £p. We take a limit in (4) for 1 -» 0o and use (3),
we obtain Kfm —{\\e» < ¢ for allm > tn(¢). The theorem is proved. O

“ =()/; ZmuC

be the union of spaces endowed with a topology of the inductive limit, where the embeddings
£p Cc £p are continuous. The vector y = (//)],....//,) is such that O < y,X,...,vn <
The locally convex space £p we will call a space of test functions. The space £p belongs to
the domain of differential operators Dj and is invariant relatively to their action. From a
property of regular inductive limits (see [10], [14]) it follows that every bounded subset S of
the space £p is bounded in some £p.

1.2 Distributions of exponential type

We introduce exponential type distributions. We show that the space of exponential type
distributions is a convolution algebra.

By £p we denote a dual space of £p with a weak topology. The duality (Ep |£p) can be
determined by a bilinear form (/ |o) = (/,, |9), where v is an arbitrary vector such that
¢ € £p and fu:= f\". Functionals / € £p will be called exponential type distributions.

For any / e £ and ¢ € £p the following relation

(D*7 1wy = (-1)n (/ 1DV) {keEez”)
correctly defines an operation of a generalized differentiation of distributions.

Theorem 3. [11] The continuous and dense embeddings £ ¢ Lp(Mn), LP(WL c £q. where

i}= = arc valid.
V 4

A convolution of a distribution / € £p and a function ¢ € £p will be defined as the
relation

(1) (i) = (f(s) I<pt +9)) = (/(s) IT_syj(i)) = (f(s) IT_ty>(s)),

where /(.s) denotes an action of a functional / on a function T s <1f by s

Let, £(Ep) be an algebra of linear continuous operators on the space £ with a strong
operator topology.

Theorem 4. Letf.g €£pand ¢ € £. The space £pis a commutative algebra with respect
to a convolution defined by the relation

if *9)* ©'m=

The mapping £ s f —>Kf € C{£p), where K}9 := /* ¢, is an algebraic isomorphism on
a commutant of the group T,.s in the algebra C(£p). The convolution lias properties

Dk(j *¥®=/*(BV) =(-1)w( ‘/)*VY,
DI(f,g) = (Dkf),g =f,(D t9)
for any k € Z*.

Proof. For ¢ € £p we have L/C/A < V]l WL\~ From Theorem 1 (iii) \\T-,0\\e»
INT;;, then Kj € £{£p), Vin Thus, Kj € £(£p).

From Theorem 3 there are functions r» e Ly(IR") such that liin, iy = o in £. The
duality (L({Rn) \ Lp{lR") is defined by (&= |¢) = F%lgl(r)(p{r) dr, then (r» * @){.) =

f g7 (r)T-tip(r) dr. The function Rns r —»I\.”,@(t) € £ is continuous for fixed 4 And
Rn

then
/* i) = (f(s) IT-S{gl* v)(i)> = </(s) 1] «i{r)T_s_~{r)dr) =

r

Y o->(/)/(S) 1T_s_t™(r)) dr = (g (r) 1(/(S) 1T_s_tv>(r) = 1*(/*")-
Ko
From this /* - <) =1lim. /* (¢ *9) —lim- g. *(/*H=9g*(/*y)
Let us prove an isomorphism of the space £' to a commutant oi the group T s. Let J Q'p
and @ € £p. From the definition of the convolution and Theorem 1, we obtain LY * ~|j <
70~ MG, where /11" the norm of restriction of a functional J on £. Then from

DK{f * ¢){i) = (f{s), T-s Dkip(t)) = {f*Dkip){t) it follows \\*g\\e- = sup —— <

W\ NP\, mThe embeddings £0 Cc £p are continuous then F € £{£p) and we have F €
£(£p). The relation

KFT-sp= T-,K/p M? € £p. SERN) (5)
follows from the equalities (/ * TA0){i) = (/ * DE+s) = TLY/ * <N(0:

To prove the converse, let € £v. The mapping / : ¢ —={F<f)(0) is a functional / €£;.
From this we obtain (Fi/?)(0) = (/, 0) = [l *¢){0)- Replacing ¢ by T. ¢ and using (5),we
have Kj :£p3 ¢ —>f * ¢ .

Now we prove differential properties of the convolution. Obviously, Dk(J *¢)(1) = (J {s5) |
T sDk(p(t)) —(/ * DR\p){t). Next relations

(/ * = </(9) IT_w(s)) = (({s +t-t) 1<6+1) = {T-rf(-t) I

are valid. Then we have Dk{f*tp)(t) = (-1)~ (I\r(DK)(-t) Jo(v))- (-1) HDI/* )/)
and DK(/*«/)*f =(-1f(/*i)*O V =(-1)"/*¥Y*#V) =1 * *r)=(/* HN*
Using the commutation we obtain Dk(f *¢) —Dk(g *J) —g * DkJ. U



Corollary 1.1. For an arbitrary distribution f € £p and a vector u the subspace £p is
invariant relatively to Kj and I(ju € £{£p)-

Corollary 1.2. Letf €£ ando € £p, P €£A.wherep—l—q =1 Then (/ <s9)*0 = [*(0*0).

Proof. Since f k¢ e £p then [(f * ¢) *ipMt) = J (/(s) | T-30{1))Tto{i) dr = (f(s) |

T-a Ffz' {0 Trodi) dr) = [f (¢ * IM](1). O

1.3 The Fourier transformation

We introduce the Fourier transformation onto the space of exponential type distribution.

For p = 1 let us denote £\ = <@(¢) = fe~u'"AMt)dt : ¢ € &> for 1 <p < 00
J

[ Rn
£ = |V =1 » : ¢ €£P} wheret: & := + ... +inénfor any & = (&,...,&n) €ERN.
The Fourier transformation is a linear isomorphism T : £ 3 (i) —=>UY(k) € We

endowed £p with a topology relatively to the mapping J

Using the isometry £p ~ J14p(Cn) from Theorem . and the fact that Fourier-images of
exponential type functions are finite [13] we can define an inverse transformation by the
formula for p =

I 183e@ —>0( = ] pew cen
Rn

for 1 <p < oo that is an inverse mapping J--. : £ 3 0(§) —>0(i) € £p.
The duality {£ \£p) defines an adjoint mapping to the inverse one

7* :=2r(z~1)"' : Ep3f —>/ €Ep, where {/]o) = (2n)"(/ ]0).

Its image £p, that generates a duality (£ \£p), we endow with a weak topology that coincides
with an inductive topology relatively to Jr#
We use the symbols y?-(i) =

Theorem 5. Foranyf,g €E£ ¢ € £p, ® € £, where i/+3 = 1, the Fourier transform
n

has properties @ *p = ¢ mp, f *¢ = f_lnp_, where (f -cp_q\q)) = (f \o_ mp) and the
space £pis a commutative algebra with respect to the multiplication, that is defined by the
relation (g mf \¢@) = (g \f -¢). Moreover, the following equalities g *f = =f, Dki =
(— (VAE Z+) are valid.

Proof. Using the Corollary 1.1, we have

(/> 10) = (tr)"(/*V: 1g) = (10)"[(/* 9) *0](0) = mOn[/* (Y *™)]() =
Con(/ leo*e) = (/1 =(/1 Q) =(/m 1D

The correctness of definition of the multiplication follows from next equalities

{9*I\y) = mnG *7 1y) = @mn[{g*f) *<N6) = mnlp* (/ *VI]() =
Emn@ENf*@) = {A\f* P = (a\f -0-) = (a=f \@-)
Since € £p{ln), then (Df/?)(E) = &5p(§) € £p(Un). Hence
(W 1g) =c.mn(DK I = (2n)"(-1)*</ |Dktp) = (-1) ™/ |Dhp) =

{-i)UTi\€i) = ({-Oki\i)-

2 Functional calculus
2.1 Finite functions of the generators of Co-groups

We construct finite functions of generators of strongly continuous groups of bounded
linear operators on an arbitrary Banach space.

Let {A\", -]} be a complex Banach space, C{X) be an algebra of linear bounded operators
on X with a uniform norm |- |i&/1) and U : Rn 9 t —>Ut € £(X) be an ?i-parameter
Co-group on X. For every index j = I,.,.,n generators are determined by D jU r.r”
—ajx, where x € V(A]). Let the operators Aj : V(Aj) C X — > X be closed and densy
determined. We denote A := (A\..., An). An example: if UL= Tt and X —LP{R") then
DjTwy ——d/dtjT\g for ¢ € Lp(Rn).

Let us assume

( \ 10
NIXN'= ¢ 7 1irrnrgny - nanioz==inf goo: UG < AN\, x e xj,
\Kn /

where p + q = 1 Let the group satisfies the condition

IBAI, < IKIMM! M/ (- x). )

In the case p = 1 the condition (s) is equivalent to a uniform bound of the group. For
example, the condition (s ) is true for the shift group Ut = Tt on X = Lp{Rn).

Theorem 6. Let ¢ € £p and the group U satisfy the condition (s ). Then the operators that
are defined by the formula
0(A) ::J Ut(f{t) dt
R1
belong to the Banach algebra £{X) and satisfies the relation (0,9)(A) = Aip(A) (j =
t,..., n). Ifp = 1and the group Ut is uniformly bounded then (¢ * ®){A) = {A) m{A)
Vuy, € £1).



Proof. Let ¢ € £p. By Theorem 1 and condition (s ), we have

HoN] < 1 WMt < NN\~ < [[t/] | IMKIWI - ¥x € X ) (7)

It is know ([13],111,3.2.5) that functions ¢ € Ev have the property l!i—%)(p(i) — 0. Then
integrating by parts and using the property, that a generator of group is closed, we obtain

(34 ()= 7/ W(Djtp)(t)dt = - [ DjuUt(p(i) dt = Ajip(A).
For p —1 we determine convolution of functions and next equalities

o(A)-U(A)= / dt / Ustp(s)ds = /(i) / Us+i'(s)ds dt =

0Te{t —9)tjj(s) ds dr = / Ur o{t —9)tjj(s) ds dr = {o * ¥)(A)

n on

are valid. L]

2.2 Functional calculus in algebras of exponential type distributions

We construct the functional calculus as generalized functions for generators of Co-groups.

Let X®Lp(Rn) be a completion of a projective tensor product of X and Lp(Rn). In the
case p = 1, as it is known (]16], lll, 3.2.5), we have the isometric representation L\(Rn; X) ~
Xy)L\{mu), where Li(R"; A) is a Banach space of all A-valued functions R" 9 t — > X(t) €
A with the norm |V (X = / \Vbd{t)\\dt.

Using the isometric embedding EV’MU)'F) C Lp{Rn) for every vector u we can determine the
subspace £p(R”;A") := A®E£p(Rn) ¢ A, Lp(Rn). The embeddings £7'(Rn;A) ¢ £¥(Rn;A)
Y < un < iin) are continuous, then on a union of all these spaces we can define a
structure of an inductive limit space

£P(RUX):= (JEp (Rn;X) =limind £;(Rn;X) c A®Lp(RN).

A convolution of an arbitrary distribution / € £p(R") and a vector-valued function x(t) €
£py~n: X) is used to define by (/*x)(t) := (/ ® Kf)x(t), where | is the identity operator in

The topological isomorphism limind £4(Rn;A) ~ A® limind £2R") = XiiEp is
valid. This assertion is a corollary of a known property of the inductive limit and a projective
tensor products [7]. From this assertion and known Grothendieck’s representation ([16], IlI,
§ ) it follows that for every function x(t) € £p(Rn;A) there is a vector u such that x(t)
belongs to the space £p(Rn;A) and is represented in the form of the absolute convergent
series

x{t) Z>q 1Tipj(t), where X € A,<i(t) € £p (Rn). ©)

J=

Using this representation for any distribution / € £p(Rn) and a vector-valued function

X(t) € £p(Rn;A), we obtain (/*x)(£) = X (f *Pj)(t)-
j=i
Lemma 2.1. The convolution has properties
(f*g)*x =f*(g*x),
DK(f *x) =f * (Dkx) = (-1f\ D kf) *x
for any f,g ¢ £Rn), x = x{t) € £;(Rn;A) and ke Z”.

Proof. From the definition of the convolution and by Theorem 4 next equalities follow

(/*g)*x=% Xii (/*g) 3=*Ff* Xii {g*4>)) =1 * {g* x),
= J=1
0 (/*F) =3 A K =3 A K(-:)(D7) *ft = (-i)k (0V) *

J=1 j=1

Lemma 2.2. Let the group U satisfies the condition (s ). Then each of the subspaces

ANA) = ox= U = T)x{t) dt o x(t) € EMMT X))}

R

is a Banach space respectively to the norm induced by the mapping
fp(Rn; A) 9 x(t) —>x € Sp(X).

Proof. Let us show that the mapping £p(R"; X) 3 x(t) —» x € X is continuous. From ()
we obtain

[e]e) [e]e) n (e]e]

/iY g iiyjit) dt=Y vl ®<Bf)dt =3  <Pi(A)X.

M 3T i =
From this and using the estimate (7), we have
H<> w AN\T<IIh2
7=l / *

Using the arbitrary presentation x(t) by absolute convergent series we obtain

Il < Mg [IFe IAKEA)

and the continuity is proved. A kernel of the continuous mapping 8p (Rn; A") —* AAis closed
then a corresponding factor-space in this kernel is a Banach space. By the definition ol the
norm in the space E{(A), it is isometric to the constructed factor-space. O



Lemma 2.3. Let the group U satisfies the condition (s). Then each of the subspaces £"(X)
is invariant respectively to the operator

Kj:g{X) 3x —YKix:= f (Uto Kj)x{t) dt.
Rn

Proof. Taking into account (s ) for elements x(t) € £p(Rn;X) for any / € £'(Rn) we obtain

i/ aAnN2NHl <™ N EWRJHW; < \\D\\(E) A T NN\
J=1 J=t
or ||(/%KHx(O\\ < |PI/JIEENKD) [1xXD)IIF-(R%A)- Thus the space £p(Rn;X) is invariant with
respect to the acting operator 1, Kj .
Since U OKf = {U O/)(/ OKj)andl OKj : £p(R";X) —» E£p(RnpY) then by
Lemma 2.2 for any vector-valued function x(f) € £p(Rn;X) we have K fx € £{(X). Then
Kj \Ep(X) —» Ep(X). The lemma is proved. O

The embeddings £*(R™: A") ¢ zjr(Rn:X) are continuous. From this it follows that the

next embeddings £p{X) C £jj{X) are also continuous. Then a union of these spaces can be
represented as an inductive limit

£P(X) - \JS;(X) = limjnd 1;(X).

Let us define by C(£p(X)) an algebra of all linear continuous operators on £P(X) with a
strong operator topology.

Theorem 7. Let the group U satisfies the condition (s). Then the mapping £0(R7) 3 / —>
f(A) € C(Ep(X)), where the linear operator f(A) is defined by the relation

fA) : £{X) 32~ f(A)x := J (U, » KFf)x(t)dt e £P(X),

isacontinuous homomorphism of the algebra of symbols £{LLh) onto a subalgebra of algebra
C(EMX)) of operators

K : £P(X) 3 x —mkx \:\] (Ut O K)x(t) dt .
Rn

where the operator K € £(Ep(IRn)) belongs to the commutant of the group Ts. And we have
(O4)(A) = AJi(A)(.i =b...,n).

Proof. From Theorem 4 and Corollary 1.1 any operator, that belongs to a commutant of
group Ts, has the form Kf, where / € £p(LLh). From Lemma 2.3 and the definition of the
space £p(X) it follows that Kj : £ (X) —» for every v. From the definition of the
norm in £p(X) we have xm -> x if and only if xm(t) -> x(t) in the space £"(Rn;X). If
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«Tm(i) — X(t) then from continuity of Kj it follows, that (# 0 Kj)xrn(t) — (# @Kj)x(t) in
the space £p(LL]X). From this by the definition of the norm in the space £p(X) we obtain
(I®Kj)xm(t) -> (1®Kj)x(t). Thus, Kj € C(Ep(X)) for any u and therefore Kj € C(£P(X)).

From the equality Kj*g = Kj mKg for arbitrary f,g € £p(B-n) it follows Kj*g —Kj - Ky.
Thus, the functional calculus is an algebraic homomorphism from the convolution algebra
of distribution onto an algebra of continuous operators on the space £P{X).

We now prove a continuity of the functional calculus. As in the space £p(WI) a topology
is inducted from £'(Rn), and the space £p(Rn) is given a weak topology, then it is enough
to show a continuity of the mapping £'(Rn) 3 f —*f(A)x € £P(X) for every x € £p(X).
The continuity of £0{Rn) 3 f —>Kf € £(£Z(Rn)) we obtain from \\f * vWAj; < \\,M lINIU;-
where  is a restricted functional on the subspace £p(Rn). Then it will be continuous the
mapping £;(R") . f —>(/0 I<))x(t) € (R"; X) for eveiy x{t) € (R n;X). Let fm >f
in the space 5'(Rn)- Then (I O Kfm)x(t.) -> (/ O Kf)x(t) in the space ££(Rn:X). By the
d('finition of the norm in £p(X), we have Kjmx — Kj-x in the space £p(X). Thus, the
mapping £/ (Rn) 9 / —>Kjx € £P(X) is continuous.

The rest assertions of the theorem follow from Lemmas 2.1, 2.3 and Theorem (. The
theorem is proved. O

Thus, we found the integral image of the Fourier operator transform in a case of the
algebra of linear continuous functionals on a space of entire function of exponential tvpo,
that on the real subspace belongs to Lv(R") (1 <p <o0). We also established its multiplicate
properties relatively to the convolution and described its image by way of commutant of the
scalar many-parameter shift group.
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cnignm Ppo3B’A3KIB MIBAIHIMHUX PIBHAHb 3 APOBOBOIO
MnoxXiagHOKO 3A HACOM

NonywaHcbknii A.O., NlonywaHcbka .M., Maciyink O.B. Cnign po3B’A3KiB NiBNiMNilAHNX piB-
HAHb 3 Apo6OBOKO MOXigHOK 3a yacom Il KapnaTcbki matemaTuuHi ny6nikauii. — 2011, — T.3,
VI C. 85-93.

3HalifjleHo fOCTaTHI YyMOBM ICHYBaHHA y3aralbHeHMX MOYATKOBUX 3HayeHb PErynapHuMX B
o6nacTi po3B’a3KiB MiBAIMIAHNX PiBHAHbL ANAY3ii Npn 36ypeHHAX Lp060OBOT NMOXigHOT 3a YacoMm.

Becrtyn

Barato BnacTMBOCTe PO3B’A3KIB AMdepeHUiaNbHMUX PIBHAHb 3 YaCTUHHUMMK MOXigHUMMN
MOLUMPIOETLCA Ha BUMAAOK PIBHAHbL i3 NceBAoAMbepeHLiaibHAMKN OnepaTopaMu, 30Kpema
PiBHAHbL 3 Apo6oBumy noxigHummn (Hanpuknag, [1], Bl } | [14], [16], |9l [19)).

Y npaugax [4], 16-17], [12], [13], |15, [10] Ta iHWKXX fLOCNigXyBanUCh y3arasibHeHi Kpanosi
3HaYeHHA perynspHux B 061acTi Po3B’A3KiB MiHIAHKX, a B |: |—i niBAiNiRHXX rinoenintu-
YHUX PIBHAHb 3 YaCTUHHUMK NoOXigHUMW. [JoBefeHO, WO TakKi PO3B'A3KM Hafexartb [0 Baro-
BUX npocTopiB Jlebera 3 BaraMn MOPSAKIB CTeMeHiB BiAcTaHi Bif TOYKM 06GnacTi Ao Mexi
(CTeniHb 3aNeXWNTb Bif, XapakTepy CUHIYNAPHOCTEN y3arasibHeHUX KPanoBMUX 3HAYeHb TaKuX
PO3B’A3KiB) | PO3B’A3KM 3 MEBHMUX BaroBMx Lp-npocTopiB HabyBatOTb Ha MeXi y3aralibHeHUX
KpaoBUX 3HaYeHb.

Y po60Ti BCTaHOBNEHO MOAIOHMIA pe3ynbTat A4 NiBAINIAHUX PiBHAHb 3 APOOOBOKO NOXiA-
HOIO 3a 4acom.

1 OCHOBHI Mo3sHauyeHHA Ta AOMOMIXHiI TBepA>XeHHS

Hexaht QT = {{ir,t) : X €R. te (0, T]}, L\jodQ t) —NPOCTip (PYHKUiNA, INTErPOBHHX Y
KOXHIA 0OMeXeHin 06nacTi, po3milleHin ctporo scepeanHi Qr, D(R) = Cq°(R), D{Qt)

-
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TKa, noxigHa 4po60BOro NOPAAKY.
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C?(Qr), D(Qr) = CTW(Qr) = {p € CS°(QT) : 0[@ 1=r = (./ = (022 npo-
CTip HeCKiHY4eHHO AudbepenyinoBHUX OYHKLIA 3 KOMNAKTHUMK HociaMn s Qt, + < 7, D'(R),
D'(Qr) NPOCTOPU NIHINHMX HenepepBHMX (OYHKLiOHaNiB (y3aranbHeHUX (OYHKLUiN) Bif-
nosigHo Ha npoctopax D(R), D(Qt) [3], [17], (,/,v9) — 3HayeHHs Yy3aranbHeHOi (YHKLIi
/ € U'(Rn) Ha ocHOBHi doyHKLii @ € D(Rn), n = 1,2,

Uepes * no3HayaemMo onepawito 3ropTkn y3araibHeHOi OYHKLiT 4 3 OCHOBHOK (DYHKLiEO
¢ ([17, c..nx])

{00{1) = (Y@ o{* +0)- VED\R). We (")

3aysaxumo, wo /(x)ig(x) =H{~x) *e{x) (I3, c.80]). )

®yHkuioHan / *r, € D'(R), akuii gie 3a npasunom (/ *g,tp) = (\g*09), YU € £X/).
Ha3MBaETbCA 3rOPTKOK Yy3aranbHeHUX pyHKUi / Tta g ([17, c.111]).

Ana ]\g ED'{R), r € HpH ICHyBaHHI f* ¢ npasunbHa pisHicTb {f*g)*<f = 1*{6*y)-
Cnpasgi,

(> <)) = (. (2)OACT+ 0) = (Ay) (90 ~¢t+ (+ Y)) =

(/) (=)@ +Y)) = if{9*4>))(x)-
Takox Bukopuctosyemo Toin dakt, wo npu f,9 € LxHx(R) M D+(R), ¢ € D(R) npasunsHoto
e pisnicts *(q *@) = ¢ * {.I*1)-

Uepes D+(R) nosHayatoTb MpocTip y3aranbHeHUX qyHKuin i3 D'{R), AKi LOPIBHIOKOTH
Hynto nipn | < 0 ([3, c¢1.87]). MpocTip D+{R) € acouiaTMBHOK Ta KOMYTaTUBHOI anrebpoto,
AKLLO 32 Oorepawito MHOXEHHS B3ATW Onepawito 3ropTku, oguHuueto B D+(R) € o -QoyHKUIM:
(8,0) = v?(b) ANA [OBINbHOI @ € D(R).

Bukopuctosyemo pyHkuito /a € D+{R), faKka 3anexuTb Bif 4nuCcn0oBOro napametpa Ai €
Takot, wo /A/) - npu 1>, 1a /A(i) = f[+x(t) npn 1 <., ge Oft) - doyHKLis
Xesicanga, I'(J1) —ramma-cpynkuia ([3, ¢.87]). CnpasesMBumMun 6yLyThb CMiBBILHOLLEHHS

/a* /, = /nfA ([3, C87]), /N/u= /a+i ([2, c.145]).

1lpn n > o onepaTop 3ropTKN (/-a*) & anredbpi D+{R) Ha3nBalOTb ONepaTOPOM APO6OBOro
andpepeHuitoBaHHs (Pimana-Jliysinns), a onepatop (/-a*)  onepatopomM Apo60Boro aude-
peHuitoBaHHsA Being ([2, c.1331).

Hexai a € (0; 1). Ansa v € D(QT) BM3HayeHO

f-a{f)*u(x. 1) = f[-a(t)*v(x,t) = - fl-a(t)*Vt{xt) =

1 If | ) * . <* < €
M=) d {1—A° Fo-n)dtd (s 1) e Q
t

Y [18] BBepeHO perynapusosaHy noxigHy Dfv dpyHkuii v nopagky a € (0; 1)

1 4 fv(x,T)

D?2v(x,t)= r(1_rv) - h-a{t)v(x...), (x.t) €EQT-

3ayBaXuMo, Lo 3a YMOBW iCHyBaHHS HenepepBHOI doyHKUiT VE(X,t). (X,t) € Qr,

I t

Mo - qb\] (t- 1ty dT=Tu -n)dt. \] (t- ty at -
0 0

» (M) € Qr([2,c.135]).

Hexalh & € (0, T], € € [0.€0], QTS= {(.r,t) €EQT :¢ <1 < T}.

Mo3Hauyaemo 4epe3 C2a(QT) knac doyHkuin v(x,/), (X, 1) € Qr, HenepepBHUX, 0bMexe-
HUX, ABiYi HenepepsBHO AMdIepenLinoBHMX 3a 3MIHHOK X B Qr, piBHWUX Hyno npu | > - ', ang
AKUX MpU KOXXHOMY ¢ € (0, 0] iCHYrOTb HenepepsHi B QTe dyHKLii

N Do =p— js /X~ - )

3ayBaXMMO, LLO 3a YMOBW iCHYBaHHS HemepepBHOi vt{X,i), (X, t) € Qt maemo

(/7-«(0 *v(x.t)Y = /7 /l-a{t- - t)ve{x. t)(lt.

Bsegemo onepartopu:
L, : (Lnv)(x, I) = f_n(t.)*v(x, t) - vIXX,t). (r, 1) €EQr- <€ D(QT),

(Hav)(x.t) = (f.n{t) *7(1, 0))e- ",,(t,0, "CM [€E€ (], €CA{Qr).
La’ m (LaCy)(r, 1) = D?v(x, t) - vrx(x, /). (x.t) €Qr, vEC.'°(gr)n C(Qr).
3ayBaxumo, wo ana v e C2a(Qr) MNC(QT) susHaveHo (/_,,(/)* v(x./))° = DE’(x.1), a

oTXe, ans Ve C2a(QT) nC(QT).
Hexail p(t.) — HeckiH4eHHO AudpepeHuiioHHa Hesig'eMHa Ha [(); 7], fogatHa Ha (0:7’|
hyHKuia, aka mae nopagok if npu t -> (iEgLL iz = consi) Ta pi(/) <. nput € ;1.

Mpuknagom € Taka dyHkyia: p € C°°[0,T], wo p(t) = t'i npn t € [0, ~], p(i) 1 npn
/€(c0,T], c0€(0. T), 0 <pxt) < 1nmpu te [0:T]. Tiicnysaiws sunnusae 3 nemun 8 |3 c.18].
BBoAuMO BaroBuin hynkuinHWUA npocTip

Mk{Qr) = {u e L\je{Qr) : Jlc=j pk{t)\u{:r,t)\dxdt < +00}, kEN
Qr

3ayBaxunmo, wo MO(Qr) = Lx(QT).

Bukopuctosyemo cpymkuinini npoctopu Dk(Qr) — {¢ £ D(Qt) m P V € C(Qt)},
Xk(Qr) = {y €D(Qr): iap € DKQT}

Beaxaemo, wo ¢t —0, npu I =00y D"Qt), saxuwo » 0, npu /—>00 piBHOMIpPHO
B Qf. BiANOBIAHO BM3HAaYeHO 36IKHICTL @I — , npu /—>00y Xk{Qr):- ¢t ~>0Tav ;7,r.->
o, | =00 piBHOMIpHO B QV'-

Nema 1.1. Ons gosinsHux yucna m € iVU{()}, ®yHKyii @ € JI(/?) icHYl0Tb TakKi QyHKLIT
e Xm(Qr)' 1=1212, wo m(1,,)=-(r), {fi-a(t)H"2(Zit))t=e ="p» € K



/ M \
[osegeHHa. PosrnaHemo dyHkuito p(x[) —/-y(i)* (= .ff *) * ~r(x™)b ge 7 e (—20>
J—

We D(Qr), i =o0'//.v20(-1,0) = Vv2(t), a <A npur=1m 6ygyTb NMKMO BM3HAYaTUCb Yepes3
(0. 3aCTOCOBYOUM BULLE3a3HAYEHI BMaCTMBOCTI 3ropTOK, MaTUMEMO

T .w \
(L»)(x,t) = f(t)*s,(r.t)) - A(f)i(E /7 () =
r=0 r=0
m .omn \
=0 i=0
T
fi-,+7(")*o(N) - X /l-a+7(*)*(/(Wig+f-1(0 *~ ("M ))*“
r=1

m \
ONLDI(Z FH{1) * 8T (x,1)) = -/T-a+20"nAT,0-
=0

m—
Vv /, o+ (0 *(/ﬂT(o * [ f-i (o *VA+|('r'0) - /\(0 * (yAyACO *A«(' r'O)
4 2 ‘ J=n
—/1-a+; ({)*(0i(-t!0 — * (MY * Fmxx (x ) B~
m—
S (D) * M0+ (0 *(/F-10 *~ H(rO) + fitAVIXT-iXit)™ =
J=0

/- QT () * [~ 0(x,<) + ZF-1(i) * ¥>1(M)] - fy{t)*tpOxx{x,t)-

N2 7A(0 * (J1-a+T(O*(/F-1 *Aj+1(X50) + AWAjxx0*®. %)) <

A
Buonpaemo /1-o+ (0*[¢0(Ti0 + /—HO0 */nON 0] + 1iN)*Wott(x, 0 =

* (ACO*VWr(:M)) -

Jl-a+7(0*(/f-1 * Vi+l(-X"'0) T fj{t)*<fijxx(xit)i j ~ 1,771 — 1,
TO6TO

WI(x, )+ 7/F. (0*  i0 THt-l@{)*uoxdXi0 o
Ja_i(A* i(x A+ fa-l{t')*pixx{Xit) i 1ML

3BifKM BM3Hayaemo ~ € D(Qr), j = T'n:
yi(>) = * [/0(i)*<o0d(t, t) <k 1],

Y2740(x,0 — /1-F(0 * [/o:(M)*V2.7.Txt@@") N]> J 1,771 1

Togi (bat)(x4:) ——FsM*(t) * y/u(i)*<PTxx{xO)y

OcKinbKn PYHKUIA Pri(X, 1)y = —/1 () *winxxixA) = in+1if)pvixxa [X[) HancxkunTe D(Q'f)
(a, oTxe, o6MexeHa B Q:’), TO cTae 3p0O3yMmifno, LLO

t
p~m(t)Laip(x, t) = p-m(t)y(rnia(i) * o v (X, 1)) = _?i/\ “T)N~wrn(x, O)(11
0
€ HerepepsHOK (pyHKLUiEO B Qt -

Mpn - =, MaTUMeMo LWYyKaHy pyHKuito Gi(x4), a npn » = tt — —yHKUito P2{xJ1).
Cnpasgi, 3a No6ya0Bowo

vi(X,0) = A/ Fei{x O)=0 = (fo(i) * <ro(x, 1))+ A (1wt (D) *WX{XA))1-0

24 i=
(5(f) * "o(x,i))i=o = "o(x,0) = v?(x),
m
(/1-a(i)*~2(x, ))|t=0 = (0 *~»(240) s
r=0 i =
S(/¥(0* = °)=
1=0

2 Y3aranbHuw nNo4YaTKOBIi 3HAaUYeHHA perynsaAspHUX poO3B'A3KIB

O3HayeHHs 2.1. KaxyTb (/17, ¢.46j), wo ysaransHeHa ¢yHkuia J € D'(R) n/ae nopagok
cunrynspuocTi S(f) <p, skwo

P /[*+00
/,0) =Yy~ e™M\Y)fi(x)cix € D{R). / € Li,ior(R). i =0,p.
r=0
Hexain Cp[a,:] —6aHaxiB NpocTip p pa3 HemnepepBHO AncepeHLinOBHUX (DYHKLIN Ha Bij-
pi3ky [ft «] 3 Hopmoto  |M]cplaft] = HVC = Tax SH%] H(EV(-3)1, Co(k ) ~ npocTip hyHKUiR

0<r<pxe
i3 CP(A) 3 komnakTHUMK Hociamn Ha /2, CMt /] = {V? € C'q(R) : sii/ppp C [t}
3rigHO 3 O3Ha4YeHHAM MNOpPAAKY y3aranbHeHOT yHKuUiT B |3], Teopemoto 3 3 |3, ¢, 22 Ta
3ayBaXeHHAM Ha c. 23, ysaranbHeHa (yHkuia f € D'(R) mae nopsagok < P, AKWO iCHye

jofatHa ctana A" Taka Wo AnA [OBiNbHOro Bigpiska [a, 6], gosinbHOi A~ € Co°[a, B\

\(LY)N< K\P\Pa b]- )

3po3ymino, Wo Ana ysaranbHeHoi qoyHKuUiT / i3 s(f) <p B ceHci [17, c.46], BUKOHYETLCA
(1) 1 HaBMmakw, i3 (1) BMNAMBaE, WO s(f) < p B CeHCi O3HayeHHA 3 [17]. Taka / € (CL{R))".

Teopema 1. Hexait qyHkuia g(x,t,z) {(x,;t) € Qr, z € /i)  HenepepsHa, GyHKYiT /' G
C2a{Q're) ¢ po3BAIKAMN PiBHAHD

(Leu)(x,/) = g{x.t,u{x,i)), (x-» €QNE (:)
icHye Taka u e Mk{Qr), wpo:



1) me — n B Mf.(Qr) npnm ¢ —0,
2) J a(x, t,ue(x t))dxdt —=1J g(x, t,u(x, t))dxdt. & —.
Qt.e Qt
Topi ue(x,c) HabyBawTb NpH € = 0 feAKNX y3arasbHEHUX N0YaTKOBUX 3HAYEHb U. € D'(R)
NOPAAKY EHNTYNApHOETI < 2k + 2, a came, icHye Taka W, € D'(R), s(u0) <2k H 2, wo

-f-00

lim o/ ve(x, £)o(x)dx = (1io,) € D(R). (3)

c->0

[osegeHHs. Ans gosinbHoi ¥ € Xk(Qr) BmsHaummo -@(x,i) —p(x[4 —), t € [, T + ¢,
€ € [0.€/2]. Togi We(x,n ->'0(r\i) Ta £TA(i - e)(Laipe)(x,t) -> o ~Kk(t)(LQPp)(X,I), € >0
piBHOMIpHO B B/ {d&&¢ V¥ . Xk{0T))-

B o6nacti Q/g and v € C.'a(Q'r) Ta BUbGpaHoi Y& NpaBunbHOK 6yae dopmyna IpiHa

+O0

Y (LEV)(X, i)pEX, t)dxdt =Jv(x, () (iage)(y, t.)dxdt-Jv(x, €) fi_a(t)H’s(x,t) dx. (4)

Cnipasgi,

Jov(x, D) (lage)(x, t)ydxdt = J v(x, t) (f~a{t)Hr(x, t) - @exx(x, i) jdxdt:

Qre Qre
4-00 T
Jv(Xx, ) (M. ljilid =-Y de vix, r)r 4 T )igh i T) )dr =
00 €
4-00 T+e t
dx N-QR- ove Ddrf Y gt
-foo T i
Y dx]J (j&jt J fi-a{t - 1)v(x, 1)dt @e(), t)dt =
a0 T 4-00 e
dx  @e(T,t)(f_a(t)*v(x,t))edt+ 7/ v(x,e)dx / fXaft- €)oe(x. t)dt.
Takox
Y %X, Doexx(x, t)ydxdt = I vxx(x, i)@e(x, t)dxdl,
Qt Qt
T+e T
fi-a(t - e)oefk, t)dt = Zi-a(t)*ipe(x,t) = fi-a(t)4p(x,t)dt= fi-a{t)*i>(x) ¢
i=¢ = 0

BpaxoBytoun Ui NnepeTBOpeHHs, 6ygemo matu chopmyny (4).
Hexali cpyHkuis ne € C.,a(Q:>) i € po3B’a3KOM PiBHAHHA (2) B Qt.£ i3 dhopmynun (4) ans
vV —Mue Ta NobyaoBaHOI BULLE (e MAEMO

4-00
He(x 1) (lade)(x, t)dxdt Y a(x, i, nAx. 1) @e(x, t)dxdt =J ?r(.1,€) I\ a{q*YAx-O I_(d_:X-
Qt.e Qt.e -0®

(5)
Bubepemo Tenep dx (x4,) 3a yHKUierO ¢ (x-), BU3HAYeHOO fiemoto 1.1 ana gosinbHoi Y €
D(E) npu m = A. Togai 3a nemoro 1.1

T
(/1-a{i)*@e(x,i)) X== = {fl-a(t)*rp2{x,t)) -0 = f f\~aW>2{x,t)dt = {¥). (6)
O
(Tage)}{x, t) = £R(i - €) -ETRE- €)(age)(x, t) = gkt - €) -"-(a, /),
Ae yHkuis Lf,(x,t.) —HeckiH4eHHO Anddepenuiinosna i obmexeHa B a 3a nobyaoBor0

pe ¢, € ~>0Y D(Qr).
3a YMOBOK : TEOPeMU MOCAIJOBHICTb oyHKUioHaniB J us(x,t)gk(t) mp(x, t)dxdl. obme-
Qr.e
XeHa Ta icHye lim  / wne(x, t)gk(t) mp(x, t)dxdt = 7/ u(x, t)gk(t) mp(x, t)dxdt. Toai 3a Bnac-
AR Qr - Qt
TUBICTIO 36iXHOI MOCNIAOBHOCTI y3aranbHeHUX OyHKUil -ig(.T, /) (nema 3 [17, ¢.70]) icHye

lim /7 vr(x, t)gk{t - €) -@e(x, t)dxdt = lim 7/ we(x t) lim ~gk(t - €) -@efy, t)jdxdt =

Qt.e Qt.e

lim j ve(x, t)gk(t) mp(x, )dxdt = j u(x,t)gk(t) mp(x, t)dxd.t.

Qt.e Qt
3 yMOBM 2 TeOpemMu TaK CaMO OAEPXYEMO ICHYBaHHSA rpaHuULi

lim / a(x, i,ve(x, i))oe(y, t)dxdt = lim / g(x,t,ue(x,i))(\g\_)gon(pe(x,i))dxdi

>0 / >0 /

Qr.e Sre

=lim / g(x,t,ue(x,t)yMN{xA)dxdt = 7/ g(x,t,u(x,tyi/’(x,t)dxdt..
/

>0 /
Qt.e Qt.o
B (s) npu BnbpaHin de(x,1) 3a dyHkuieto ®2{x[) cnpsamyemo € [0 Hyns. 3i BCTAHOB/IEHOIO
BUMLLE iCHYBaHHA rpaHuui npm € —20 niBoi yactuHKU pisHocTI (5), a 0TXe, 1 Npasoi, Ta i3 (s )
4oc
BunAuBae icHysaHHsa lim J He(x, €)o{x)ax Y-0 € D(R).
=)

- 4-00
Beesemo chyHkuioHan W Ha D(R) HactynHum uymHoM (110,@) = lim j ue(x, €)o{x)ax,
—600
Vo € D(M). OueBUAHO, BiH —NiHiIAHWIA. 3 dhopmynun (5) BUNAMBAE, LLO

(n0,0)= ] u{x,t)(LM(x,t)dxdt - J g(x,t,u(x,t"2{x,t)dxdt,

Qr Qr



3 [AOBEAEHHS NIeMH : 1 BWUAHO, WO BMOGpaHa oyHKLIA b € NMiHIAHOK (DYHKLUIED NOXiAHMX
JONOMDKHOT (pyHKLiT fo 3a 3MIHHOKO X O MOPAAKY 2K Ta 3a 3MIHHOK t A0 NOpPAAKY K, a
(Fk(i)(bad)(xJ1) = @(X,i), e @ NiHINHO BMpaxaeTbcsa 4epe3 pyHKUito @O0 Ta i noxigHi 3a
X 0O nopagky 2k + 2 Ta 3a t 4o nopagky K + 1 dyHkuUis @0 € LOBIIbHUM NPOLOBXEHHAM
yHKkuii @ 3 D(R) go doyHkuii i3 D(Qr), Takum wo (x,0) = ¢(x). MoxHa BmbpaTn
QO{Xx.1) = /) -o(x). pe n € C°°[(),T], n(1) = 1ana t € [0,e./2], A(/) =0 ana /€ [e ,T].

Hexali [a, b] = B =1[a:]x[0T] Togi Slép D\ < ON\PWA, Liyd(x, t) = pk{i,)dp{x, )

Tasup M < CMIL.*+ >[le ~ A~ —popatHi cTani.
B

Tenep i3 (7) ogepxyemo, wWo Ansa fosinbHoi ¢ € D(R)

I«by)l < ok sM\'X+2+ C  igf{x,t,u{x,t))\dxdt - im12a < c\wL. 2>
Qr

ne C - C(u,k) —popatHa ctana. OTXe, pyHKUiOHan W, — HenepepsHuii Ha CQAL (R).

3riiHO 3 03HAaYeHHAM NMOPALKY CUHTYNAPHOCTI y3aranbHeHoi pyHKuUii, s(u0) <24 +2 O

OgepxxaHUn pe3ynbTaT MOLMPHOETLCA Ha BMMAA0K PiBHAHHSA
f-a(t) *u = A(x, D)u +a(x, t,u), (x, 1) €Rn x (0;T],

fe A(X, D)  niHiAHWIA eninTUYHWIA AndbepeHLianbHNIA BMpPa3 Apyroro NopagKy 3 HeCKiHYeH-
HO AH(pepeHLiNOBHUMMN KoedilieHTaMn k M.
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PO3BVMHEHHA 3A BJACHUMW BEKTOP-®YHKUIAMWN Y BUTTAOKY
MPOCTUMX BNACHUX 3HAUHEHb CUHTYNAPHOIO
ANOEPEHUIANBHOIO OINMEPATOPA

MaxHei O.13.. Tauii P.M. P03BMHEHHA 3a BAAaCHMMM BEKTOP-QPYHKLIAMM Yy BUNAAKYy MPOCTUX
BlaCHMUX 3Ha4YeHb CUHIYNAPHOro AudiepeHuianbHoOro onepatopa // KapnatcbKi MaTemMaTu4Hi
nybnikauii. — 2011. — T.3, Nel. — C. 94-105.

ACUMNTOTUYHI (hOPMYNN NPU BENNKUX 3HAYEHHAX NapaMeTpa N5 PO3B'A3KiB CUHTYNSAPHOTO
AnepeHLianbHOro pPiBHAHHA [03BONAIOTL OLIHWTW (yHKLilo ['piHa Kpaliosoi 3agaui. 3a gono-
MOTOH L€l OLiHKM MO6YA0BAaHO PO3BUHEHHSA 3a BNACHUMW BEKTOP-(PYHKLiSIMU CUHTYNAPHOTO
audepeHLuianbHOro onepartopa y BMnNagKy nNpocTMX BAACHUX 3HaYeHb.

Bctyn

NiHiAHI gndbepeHuianbHi onepaTtopu, NOPOMLKeHI AudepeHLiaibHAMK BUpasaMun 3 rnag-
KMMK KoedpillieHTamMK, BMBYEHO [LOCUTbL Aobpe (awB., Hanpuknag, |9]). OpHak, B 3ajayax
NPUKNaAHOI0 XapakTepy 4acTo 3yCTPivaloTbCA PO3PUBHI UM HABITb y3arasibHeHi (PyHKLUIT B
KoedpinieHTax. Taki 3afayi € 3Ha4YHO ripLue LOCNILKEHUMN.

LLle B cepeanHi 50-x pOKiB MUHYNOro CTOMITTA BUBYA/IMCb KPanosi 3afadi 4ns 3BUYaiHUX
AndpepeHLiaNbHUX PIBHAHD APYroro i 4eTBepTOro NOPALKIB, LU0 OMUCYIOTh BijlbHi KOMIMBAHHS
CTPYHM i 6anKy, AKi KpiM HenepepBHO PO3MOAINEHOI Mack HecyTb Ha COOi e 1 30cepeskeHi
TOYKOBI Macu —OycuHkK (ame. (3]). B moHorpadii [1] gocnigxyetbcs onepatop LLpcaiHrepa
Ha HeOOMEXeHOMY MPOMIXKY Yy BUMNAAKY, KON CUHTYNSPHUIA NOTeHLian € Hanpuknag, CKiH-
YEHHOKO UM HECKIHUYEHHOI CyMOto O-(pyHKLi/ [ipaka. Y BUNajKy CKanspHOro CUHryAspHOro
AMbepeHLiabHOro ornepartopa No6yfoBaHO (PYHKLiO ['piHa Ta JOCNIAKEHO aCUMMTOTUYHY
NOBEAiIHKY BMaCHUX 3HayeHb i BNaCHUX (PYHKLiNA, a TaKoX 34IACHEHO PO3BUHEHHS 3a OCTaH-
HiMn y poboTax (4, 7, 5.

Cnip 3a3HaunTK, WO CNpsKeHi AndiepeHuianbHI BUpas3n MICTATb AOLaHKW BUTAALY
(P(x)Y)UN\ ki npu HegocTaTHIN rnagkocTi He MOXHa 3BECTW 3a [OMOMOror ./-KpaTHOro
AnbepeHLitOBaHHA [0 3BMYaHUX audpepeHuianbHmX. LLLO6 nmigkpecnuTun Lo 06CTaBUHY, iX Y
niTepatypi HasMBalTb KBasignepeHyianibHUMN.

2000 Mathematics Subject Classification: 34B05, 34L10.
Knto4yoBi cnosa i ppasun: BnacHi yHKUii, po3noginu, Mipwu.

KBasinoxigHi Lle KOMMOHEHTN BEKTOPA, 3a sonomorow skoro 3AINCHIETHCA 3BEMEH-
HA KBasignepeHLUiaIbHOrO PiBHAHHA 4O CUCTeMU AUdpepeHLiaibHUX PIBHAHb MepLUoro no-
paaKy. MabyTb, NepLUMM, XTO BBIiB MOHATTA KBa3iMoOXifAHWUX, iKe [03BONAE BiAMOBUTUCH Bif
BUMOT rNafKocTi KoedpilieHTiB y KBasignepeHuianbHMX Bupasax, 6ys A. LUunH [13].

Lls cTtatTa npucsayeHa NobyAoBi PO3BMHEHHA BEKTOPA 3a B/IaCHUMW BEKTOP-(PYHKLisMM
AMddepeHLiafibHOro oneparopa, NOPOMKEHOro AndiepeHLialbHAM BMPAa3oM 3 PO3PUBHUMU YK

HaBiTb y3ara/lbHEHUMU MaTPULAMU-KOeIiLiEHTaMK | PerynspHUMN KpahoBUMK YMOBAMU, LIO
y3aranbHIO€e pesynbtatn § 9 moHorpadii [9].

1 MocTtanoska 3apgaui

Po3rnsHemo audepeHLianbHUn BMpa3s
L,(Y) = + A2(x)? (M“2 + A3{T)?In3 + ...+ J1,,

ge Ai = B'. Bi(x) (i = 2,n) — matpuui-dyHKuii 1-ro NopagKy, enemMeHTamu AKUX € Hene-
pepBHi cnpasa (PyHKLiT 0OMexeHOi Ha NpomixkKy [a H Bapiauii, V (:r) — BEKTOpP-CTOBMELLb.
TyT WITPUXOM NO3HAYeHO y3arasibHeHe AUepeHLitoBaHHA, | TOMY efieMeHTU Matpuub ALT)

€ mipamn (ame. |12]). Po3rnaHemo TakoX BignosigHe gudpepeHuiansHomy Bupasy Ln(Y) pis-
HAHHS

Ln(?) = XY, @)
fe A—KOMMIEKCHUI napameTp, i KpaiioBi yMOBM
ks_l_ Ku- 1
vp(Y) - TLyM(a) TA,YEN\D) + X] FTAYn)(a) +AvjY(@i){p), v =1.,,. )
J=0 7=0

AKi 337al0TbCA 3a [OMOMOroH N NiHiliHO HesanexHux dopm Gu(Y)\ T, A, T, A,;  cTani
MaTpuui 1-ro mopagky; m— > K\>K2 > ... > Kn > o, ks+2 <KHNPUYOMYLNA KOXHOro
3Ha4YeHHA I1HAeKCcyv xo4ya 6 ofHa 3 matpuub I, A, BIAPI3HAETLCABIA HYNbOBOI.

Mopsag 3 KparioBoto 3agadeto (1), (2) ana BEKTOPHOro AndepeHUialbHOrO PiBHAHHSA PO3-
rNAHEMO TaKOX acoLinioBaHy il KpaloBy 3afayy 415 MAaTPUUYHOTO AndiepeHLliaflbHOro piBHA-
HHS

Ln(Y) = XY, ©)
kn 1 kn—l
v,{Y)s Ir,y*(a) +A,YK-\b)+2 I, ,Yu,(a) + £ *=M, 4)
j=0 j=0

fe Y(X) —kBagpaTtHa maTpuua 1-ro nopagky.
3a gonomoroto NpPAMOKYTHOT Matpuui Y = (Y , Y ... ,’HN*"))7 matpuyHe piBHAHHA (3)
3BOAMTbLCA A0 CUCTEMU AWUPepeHLianbHUX PIBHAHL NEepLIoro Nopaaky

Y =B'{xX)Y



abo B po3ropHyTomy (6/7104HOMY) BUTNAAI
|

( Y \ / 0 E 0 0o A ( v \
YI 0 0 0 0 Y'
y(n—=) y(n-2

) 0 0 0 E
\ Yin-») Sy - e ~ Yy~ y

Kpaiiosi ymoBK (4) TeX MOXHa nepenucatu y MaTpu4yHOMY BUTNALI
Way (a) + Why(b) =,

ae 6noyHi matpuui Wa = (ILJY )’=Il, Wh= (A", 1)"?=L Ockinbkn gna ctpmbka MaTpuLi-
¢h.ynkyii B(x) mae micue ToToOXHICTL [AB{X))2 = o, TO cuctema (s ) € KOPeKTHOK (AMB. ]io |).

Mig po3B’A3KOM MaTPMUHOIo AUIEpPeHLialbHOro PiBHAHHA ByAemMo po3ymiTu nepluy 6/10-
YHY KOMMOHEHTY Y (X) NPAMOKYTHOI Matpuui ¥(Xx) cuctemu (5), LU0 3a0BONIbHAE OO B CEHCI
Teopii y3aranbHeHUX OyHKLUiA. B po6oTi [11] BCTaHOBMEHO, LU0 PO3B’A30K MOYaTKOBOI 3azadi
ANs piBHAHHA (3) ICHYE | €AMHMIA, NPUYOMY BiH pa3oM 3i CBOIMU MOXiAHWMM A0 MOPSAAKY 77 .-
BK/IKOYHO € abCOMOTHO HemnepepBHUM, a MOro (M —: )-1a noxigHa CKNajaeTbes 3 (PyHKUiN,
fKi MalOTb 0OMeXeHy Bapialito Ha NPOMIXKY [a, H i € Tam HenepepBHUMK Cnpasa.

OncbepeHuianbHnii Bupa3 Ln(Y) i kpaitoBi ymoBM (2) NOPOMKYHOTL AnbepeHLiabHNIA
onepatop L, AKWin fie 3 npocTtopy abCONKOTHO HemnepepBHUX BEKTOP-COYHKLiN y MpocTip
BEKTOPIB-Mip.

Cucrtema, crnpsxxeHa o cuctemn (5), BU3HAYAETLCA MAaTPUYHOKD PIBHICTHO

Z' =-(B*(.n)'Z, ()

ge Z = (Z"n ]JK.. ., Z) , U™ —epMmiTOBE CMPSHXEHHA, a QPIrypHi AYXKW 03HA4aroTh
KBa3inoxifHi B CEHCi CNPsHXKeHOro piBHAHHA (4us. [11]). B po6orti [11] BCTAHOBMIEHO, LU0 BOHU
BM3HaYaroThCA hopmynamu

z~Atz, ZAN=A*Z-(ZM)\ i=1,n-..

3 (s ) BMAHO (AMB. 111 ]), WO cnpskeHe fo (3) gudpepeHuianbHe PiBHAHHA fliae BUTNAL

n{Z) = (-1)nzW + ]I (-1)n-\A*Zyn~i Y.
i=
[ie pucka Hag J103Hayae KOMMNEKCHE CNPSXEHHS.
OndbepeHuianbHniA Bupa3 Ln(Y) i kpainosi ymoBu, cnpsxeHi go (-) (BoOHM nobygosaHi B
po6oTi [s ]), nopoaxyoTb andpepeHuianbHUA onepaTop L*, aKuiA gie 3 npoctopy abcontoTHO
HenepepBHMX BEKTOP-(PYHKLIA Y MPOCTip BEKTOPIB-MIp.

O3HayeHHH : ... [pu HenapHoMy n (N —: J— ) KpanoBi yMoBN (2) HA3BEMO PeryapHUMU
ans posrnagysanoisagavi (1), (2). akuo yucna @ i6i; wo BM3HAYAOTHCA CNIBBIAHOWEHHAM

FiM (Fi -\sAT)ud Aww”! -+ AluM
N2 - (M. +sA2uR A2M - A
Ak re™ A (M +sAnuk  Anw H

BifpisHATbCA Bij Hyna. Mpn napHomy n (n = 2Y) kpaitosi ymosu (2) Ha3MBaTUMEMO pe-
TYNApHUMUW LNA Uiei 3agavi, AKWo 6ygyTb BIAMIHHUMU Bif HyNns uucna L/ i 6Bi, wo Bu3Ha-
YA TbHCA PIBHICTIO

ot R &0V R —

ra1 o Ry (Mo +sAXUN (mp FTA DM AT
Mw” me |y A (I + sA2)uk (r. tra2)~ 2 A,

Mo = 1 (M, +sAnukn  (I'n+ A A.
2 Ouyinka dpynkyii Ipina

He BTpauatoun 3aranbHOCTI, 6ygemo BBaxaTu, wo LY =0 nvwe npn Y = 0. Cnpasai,
B NPOTUMIEXHOMY BMUMaAKy AocuTb 3aMiHMTK Ln(Y) Bupasom Ln(Y) — Y, fe ¢ -- fOBiNbHe
4yucno, BiAMiHHE Bif YCiX BNacHMX 3HayeHb orepatopa L. Take 4ncno iCHYE, OCKi/IbKN acumn-
TOTUYHI (DOPMYNN CBiAYaTh, LU0 LIE OrepaTop Mae uLle 3/1i4eHNy MHOXMHY BlaCHUX 3Ha-
yeHb (amB. |} |). Hexain yci BnacHi 3Ha4yeHHA onepatopa L € npoctumn, G(x,t, A  dyHKLiA
I'pina 3agaui (3), (4), onepatop L mae maTpumLio-cyHKuito T'piHa G(x.t) = G(.r,7,().

Moknagemo Tenep A= -pn i po3i6’eMO BCHO KOMMJIEKCHY P-MJIOLWMMNY HA .,» CEKTOPIB S;r
g=20.2n- 1 ge S( = « :qn/n < argy < {q+ 1)n/n}. Yepe3 Tq no3Hauymmo cekTop (3
BEPLUMHOKO Y TOYLi p = -C), LU0 YTBOPHOETHCA 3 Sq LUMSAXOM 3CyBY p p  C.

PO3rnsHEMO B KOMMAEKCHIA A-MAOWMHI NOCAiAOBHICTb Kin b k= 1,2,..., 3i CAiNbHUM
LEHTPOM Yy MoYaTtky KOOPAWHAT, AKI MalOTb TaKi BIaCTUBOCTI:

1) pagiyc Rk kona 'k Heo6MeXeHO 3pocTae Npu kK —>00;

2) iCHye fofaTHe Yncno S, Take, WO Npoobpasm pk B SOUSN BracHMX 3Ha4eHb onepaTtopa L
npu Bigo6paxeHHi A= —pn 3HaXOAATbCA ANA JOCUTb BENIMKUX K Ha BiACTaHi, He MEHLUI HiX
6y BifL Npoo6pasiB KoXHoro 3 Kin I\. Ha nigctasi aCMMNTOTUYHUX BMACTUBOCTEN BNACHUX
3Ha4yeHb Taki Kona I\ iCHyHOTb.

PosrnaHemo Takox iHTerpan Ik = f CO&— (IX 3actocyBaBLUM 40 HLOTO TeOpemy Mpo

K
NINWKKN, OTPUMaEMO

=+ ™
=

e Qy{x, t) — nuwok yHkuii G(X, t, A) BIAHOCHO ii nontoca X1 (KUK NPUNYCKaeEMO MNpPo-
CTUM), a - £—uncno yux nontocis y Kpysi I,.

Teopema 1. Y BunagKy peryfnapHuxX Kpanosux yMoB Ha Konax K KOXKeH efleMeHT MaTpHLi-
GyHKUTT G(X,t. X) 3af0B0NTbHAE HEPIBHICTD

\Gij{x, AA 1< MJA|™ i,j=U, ()

fe M —pgeqaka cTana.



LoseaeHHsa. [Mpw BignoeigHOMY BWGOPI argp npu Bigo6paxeHHi J1 = —pn Kono Ia nepe-
XOAUTb Y AYry - K Kofa 3 LEHTPOM y MoyaTKy KOOPAMHAT i LeHTPasbHUM KyToM 2 10
MPOXOANTL Y ABOX CYCIAHIX 06nacTax So, Si KOMMIEKCHOT P-NAoWwmHU. PO3rnsHEMO OKpPemMo
BUNAAKWM MapHOro i HenmapHoro n.

a) Hexaih n —HenapHe, n —2y —1 Hexain yncna w\, y2, .. ., WN — Pi3Hi KOPeHi n-ro
CTENeHs 3 uncna —, 3aHyMepoBaHi Tak, WO ANd p € S0 BUKOHYETbCA NaHLKOr HepiBHOCTEN
(ams. [9, c. 53])

Re(/90>i) < Rpp>) < -.. < Re(p™n).

Kpim TOro, moxHa nokasatu [9, ¢. 75], wo npn p € So MaeMo
Re(pwi) <0, .... Re(pu”_i) <0, Ko(pwy+) >0, ... , Re(pw,) >0. 9)

Hexali yK —Ta 4acTuHa Jyru yK, WO 3HaxXo4MTbca B 06nacTi So i Ha akin Bv(pwy) <0,
a K —Ta il YacTUHa, WO TeX MICTUTbCA Y Uil obnacTi i Ha Akin Re(pojA) > 0. OuiHMMO
dyHKUito T'piHa Gti(x, t, /) Ha gysi [K, CKopuCTaBLUMCL hOpMynamm 3 [; |

(Qu « &G/\

G(X’tv A) = (_1)ni A()\) (10)
\Q e S/

[0
N(X) = del MOIC{k1}*(.7,a,A)) =1

Kn(x,a,A)  mm1Q" 1\X a }) P.7X1.X)
Qij(x.L A OKN\X o, n) - ux(K;In-TFF(x.ah) T, A an
on(Kn(x,o, A)) - i FCTaA)  Un(PL(x, t A)

Pii i,,)(g/: g A\ ﬁi‘/ L=ty
N(T t. N —wmatpuus-dynkuis Kowi pisnanng (3) (3a nepLuoro 3MiHHOK BOHa 330BO/IbHAE
Le piBHAHHA, Kpim TOro, K~ (s,s) = 0, i = 0,n —2, K*n~"\(i>.,) = /i, E — oguHu4Ha
MaTpuusa 1-10 NOpagKy).

Martpuui-pyHkuii K(x,a,\), K***(x, a, A), ..., A*In_.1*(x, 0, JT yTBOptOOTH PyHAA-
MEHTa/IbHY CUCTEMY PO3B’A3KiB MaTPUUHOrO PiBHAHHA (3). Y TOI Xe 4ac iX MOXHa nojatu
K NiHINHY KOMOGIHaUit0 AesAKOI iHWOI NiHIMHO He3aneXHOT CUCTEMM PO3B’A3KIB LIbOro PiB-
HAHHA. Hexall ¥/, = (ykij)\j =\—6yab-aKka hyHJamMeHTa/lbHa CUCTeMa PO3B’A3KIiB MAaTPUUYHOIO

piBHAHHA (3). Togi X = o YK(x, X)Ckp(t, A), p = 1,n, i, 9K HaCNifoK,

n
AATD-MAYLA)) - AL/, (n(.X,A))C,p(i,A), p=Th
oo

OTXe, BMKOPUCTOBYHOUM 6104YHE MHOXEHHS MaTpuub, 3anmnemMo:

/7 CA(N) - i/(K) f cin
Vv c" A

VM) - /mr,) / \cn - ('m

/ UMK{X, i,A) - N (X g, )

VE/*Ne t, A) - [,A))

BpaxoByroun BMacTUBICTb BM3HAYHWUKIB, oTpumaemo, wo A(A) = N1(A)C(A), ge A(N) =
det {U,,(YK))"k=i, C(A) = det (Cif)” fe=L AHanoriyHMMmM MipKyBaHHSAMM, 3 ypaxyBaHHAM TO-
ro, Wwo (::) MOXHa 3anmucaTti 3a efleMeHTaMy OCTaHHbOrO CTOBMUA | MepLIoro psagka, BCTa-
HoBntoeMo, Wo Qij(x,t,\) = Qij(x,t, A)C(A), ge

yuw Vin ynii ynii Pn
fz/1(2/111) - m U, (yni) = n,(ynn) - ® Ui{ynu) UWxU\j)
Qij{x.t, A U\(y\n) - = unlyTt) U\{ynn) U\{ynii)  Ux(PIj) 12)
i/n(yill) ®ma wun(yw) - C/n(j/nll) Anlynm) Un{PU)
Un{ym) - * tUvi/) - Un.{¥nin) Unbnu)  U{PIi)
Topi dpopmyny (10) nepenuiuemo y Burnagi
, )= LL 13)
OYHKLIT MOXHa BMOpaTV Tak, W06 BOHM pa3oM 3i CBOIMM MOXiAHUMW MNPH LOCUTb
BeNINKUX |p| 3240BONbHANM CMIBBIAHOLLEHHS
YA (X.p) = p"Ppax-0) WKE +0 [-P Voeoon- o oas 1l (14)
pe E — opnHuyHa matpuud 1-ro nopsagky, O Mo3Hayae MaTpuuto a A(x,p)

MaTpuUyHa (PYHKLIA, BCi €/1eMEHTU AKOT € 06MexeHUMu npu gocuts senvkomy |o| (avs. | |).

3rigHo 3 [14], maemo, wo KA (X, i, A) = E:' YK' {x, A) ZK(t, A), Ae KOXeH eneMeHT MaTpuLi

Zf(i, A = (Zkpg[t, A)p | € BiAHOLLEHHAM anre6bpmyHOro JONOBHEHHS enemeHTa ((n —1)/+q)-
ro pagka i ((k—)/+p)-ro crosnua y susHauyHuky XV Migctasmsum cpopmynn (14) samicTsb
Yk \t) y Bupa3s gna ZKk(t. A) i CKOPOTUBLUM Y KOXHOMY €fleMeHTi L€l MaTPULL YMUCENbHUK i
3HaMeHHUK Ha p', pZ, ..., p(m~2), €p0N-0)Ns =) ss® el .),wkn-a)" 6yaemo
MaTm
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E —oavHunyHa matpuusa 1-ro nmopagky, yk = bkpg)M=v a ; kg —anrebpnyHe LOMOBHEHHS
efleMeHTa, WO NeXWUTb Ha nepetuHi ((n —. )/ + q)-ro pagka i ({k + )/ + p)-ro croenus y
BU3HAUYHUKY Y.

3a hopmynoto PpobeHiyea [2, ¢. 56], AKLLO

A b

M C D

ge Ai D —ksBagpatHi matpuui, npuyomy VA ¢ 0, TO

A~1\-J1-'BH-1ICA-' ~A~1BIT]

9-1)- CAJB.
—H~'CA . q°

3actocyemo n - 1 pasiB popmyny ®pobeHiyea 4O MaTpWULi, WO BignNoBigae BU3HAYHUKY - .
3a marpuuto A KOXHOro pasy OyaemMo 6paTu NMOMHOXEHY Ha CKanfp OAWHWUYHY MaTpuLLto
1-r0 nopsagky. Matpuusa A cknagjatMMeTbes 3 AeAKOT KiNbKOCTI TakuMxX camux 6/10KiB, L0
N BUXigHa MaTpuus, BHACNifOK BNacTUBOCTEW 6/10YHOr0 MHOXEHHS MaTpuub i TOro, Lo
obepHeHa 40 OAMHUYHOI MaTpuLi TeX € OAMHWYHOI. Ha nigctasi uboro matpuus M : rtex
CKnajgaTuMeTbCa 3 M. nofibHmx 6nokis. Tomy ykn = 0 gna Bcix Kip ¢ g (BHacnifok 3B’A3Ky
anre6bpuUyYHMX AOMNOBHEHb €/IEMEHTIB MaTPULi 3 06EPHEHOKD [0 HeI).
Y TOW Xe 4yac MOBMHHI BUKOHYBATUCb CMiBBIAHOLLEHHS

0. j =0.M—.
. P=M-
1. J - r] - 1.
Lla cuctema mae efuMHUIA po3B’A30K. 3 iHWOrO 6OKY, BOHa CMpaBAXYE
OCKifIbKK = -1. Otxe, hopmyna (15) Habysae BuUrnagy
Zk(t, A = -ngn-ie-’\ [~a)(-ukE), «k=1ITi. (16)

Migctasmeum smpasn (14) y copmmn U, (Y), MaTUMeEMO
nn>)=(~)b(l,) +(pw,y - -er-“\"). (it
OTXe, Ha nigcrasi HepiBHOCTeN (9) cnpaBAXYyOTbCA hopmynn

(pwdk {T,.), s=./i- 1,
{7.0¥9 =<1 (/~.)M(T,) + e ("-a){A4n, =/i,
(pw8)k epUdb~aLlAN), S=U+ 1,0

Migctasmewn ix y A(A), oTpUMaEmo

y/] n I r] r] I
NA) = g/~ e'P~(b-a)J2 (es)ePUb-a) = pre" A (b o)™ 4 n
AL 6 i+l 2=0 i/=1 i- i s 1

npuyomy 9S TyT Ti cami, WO i B O3HAYeHHi PerynspHuX KpamoBMX YMOB, a &3 — KOpeHi
PIBHAHHA o0 + O\ + ... + 01{1= .

Po3rnaHemo matpuuto-goyHkuito G(x,t, A) npy X > t (y BMNagky .r < / MipKyBaHHS
OyayTb aHanoriyHMmm). Topgi OCTaHHI eNemMeHT :-ro pAAKa y BU3HauHUKY oyge /Niy(T, i, A).
MomHOXMMO Mo | cToBnuiB BM3HauHMKa Qij(X, t, A), nmoumHaroum 3 (pi + 1)-ro, (#/, + 1/ 71
1)-T0.coeee. (@ —: ) + 1)-ro, Ha j-n cToBneub marpuub —ZAH (), —Zp+2(1) . - <E. (0
BIAMOBIAHO | LOAAMO [0 OCTAHHLOrO CTOBMUA. BM3HAYHMK BHACNiAOK LbOr0 He 3MiHUTHCA.
'Topi Bpaxosytoun (14), (16) i (17), enemeHTaMM OCTaHHLOIO CTOBMYMKa B Q,; (t./ A 6yayTh:

| I ()i 1™y
np~Po=) ) - =],
£ k (fl n

7ipn 1 n/ 1 Byt

ge i/ = 1,n,p — 11 Migcrasumo Ttenep (12), (14), (16), (18), (19), a TakoX BUpasn AN
0CTaHHbOro crtoenua Qij(x,t, A B (13) i po3NOAINMMO MHOXHUKNA 3HAMeHHUKA A(A) Takum
ynHoM: na pwt posginumo {(v—1)/+2)-i, (" —0/ +3)-i4, ..., {ul +1)-i pagkun, Ha (+4\0- o’l-
((s— )/ +p)-Ti cToBNUi, s =P +:,r, p —L1 iHa —#p) noginumo ((p —11 -/
CTOBNUi BignoBigHO. Togi dpopmyna (13) Habyge Burnsgy

CY(®,«A) = o %klr Ilm il
[ie NepLnin pafoK BM3HaYHMKa D nopsaaky ni mae BUrNag
/ Mo (mg/\
Ho>, .... (0), ««'— =), 4), .... 0), €e«~"— =), (0),.... (o). '
), (o) (0) e (), ©, ny

npuyomy BIAMIHHI Bif (o) eNleMeHTM 3HaxoAATbCA Ha OCTaHHbOMY i ((S — )/ + I)-X Micusax, a
(m —11 +p + .)-ii pagok nobyaoBaHO Tak:

’(’1>1r"\l? = l>(n/l\1rp|) - ol ;@b-lerpb). + Nopwp(p—) — )™

+ ( LN O\ L0 \op

(6pop(6-a) _ "\ p+17"pl/ - mm. « A "pi/' 1P



AHanoriyHo, AK y [9, ¢. 78] MOXHa nokasaTtu, WO BHACNILOK PerynspHOCTi KpaioBUX YMOB
3HaMeHHUK (e” (6-°) —<p), p = 1,1, 0OMEeXY€eTbCA 3HMU3Y OLHUM i TUM CaMUM YmMcnoM. Tog,
3 ornagy Ha ymosu (9), BCi efleMeHTM BM3HaYHMKa D na fysi y'K 0O6MexeHi 3Bepxy, OCKiNbKM
eKCMOHEHTN TaM MaloTb HeAodaTHY AiNCcHY 4acTMHy. OTxe, Ha Ayrax n[. CrnpaBgXyeTbcs
HepIBHICTb "

IGij{x, t, MI< — 1, M = const. (20)
7

AKWo Tenep y Bu3HauYHUKY Qri{xt., X NOMHOXWUTN rpynn no / CTOBMYMKIB, NMOYMHAKOUN
3 (/- 1y + 1)-ro, (W/ + 1)-ro, ..., ((n- D1+ 1)-ro, Ha j-in cToBneub MaTpuub - Z (i),
-Zy+ (o, ..., -Zn(t) BigNoBILHO Ta JOAATU AO OCTAHHLOIO CTOBMUA, TO, MOBTOPMBLUX MO-
nepegHi MipKyBaHHSA, fIerk0 MepeKoHaTUCb Y MPaBUIbHOCTI HEPIBHOCTI (.o ) | HA Ayrax -yK.

TakMM 4MHOM, HepiBHiCTb (20) AOBefeHO ANA Ti€i YaCTUHW LYrM YK, WO POo3MilleHa B
cekTopi SQ o ckinsku ui CaMi MipKyBaHHS 3aCTOCOBHI A0 6yAb-aKOi o6nacTi 5,, BOHW Aa-
HOTb TOW CaMWiA pe3ynbTaT Ha Ay3i YK i B cekTopi Sx [Mepexoasum Big p 40 A OTPUMYEMO
TBEPAKEHHA NeMu 418 BUNAAKY HemnapHoro n.

6) Hexain n - napHe, n = 2//. OCKiNnbKn

U\Y,) = (pap) (N> +e N b="\NAL. v, (Yp+) = (pop+) {(T,,) + r>"<" (4,)},
TO Ueld BMMAAOK BifPi3HAETLCA Bif MOMNepeAHLOro nvwe Tum, wo A(A) MicTUTb BMpas
pl
QM (epn*b~a>—4) y TUX Xe Mo3HayeHHaX. TyT ((4 —:)/ + s)-ri cToBNUi NOTPIGHO mMo-
=1

p,ifmm Ha (T"M(6-«) - &8), s = 1,2/, BianoBigHO. PeluTa MipKyBaHb y [OBeAEHHI Teopemu

OyayTb aHanoriyHMMmM 1o BMNaaky ayru K. Teopemy [0BeAEHO.
L]

3ayBaXeHHs 2.1. 3 J0BefleHHS BUNAMUBAE, WO HEPIBHICTb (8) cnpaBAXyeTbCd ANA BENUKUX
A i B obnacTi Os, oTpumaHiit 3 X-HNOWNHK BigkuaHHaM o6pasis Kin \p- PA < & npu
BigobpaXKkeHHI X= —pn.

3 OCHOBHI PE3YNbTATU

Teopema 2. ®yukyis ['pina G(x,t) gudepeHyianbHoro onepaTopa L, mopogxeHoro pery-
NAPHUMU KPaHOBUMM yMOBAMMN (2), p03BUBAETbHCA B PIBHOMIPHO 30iXHUA BILHOCHO X it 3
[ab\ pag

c(ihLO__y:0adi). @i
iy
LosepeHHs. KopucTtyroumch Teopemoro 1 i 3ayBaeHHAM A0 Hei, OTPMMAEMO OLHKM (TyT
Rk —pagiyc kona k)
1 M ” M

3 AKX 6esnocepep,Hbo BUMINBaKOTb CI'IiBBi,qHOLLleHHﬂ

Jige ko) =0, fim - - - =0 ()

>00 An,

npu4YoMy 36DKHICTb € PIBHOMIPHOK BigHOCHO X it 3 [a «]. BHacnigok (7) i (22) 6yae matm
Micue doopmyna (»:), WO 1 JOBOAUTL TEOPEMY. []

Teopema 3. S kuo BCI BNACHI 3HAYeHHA onepaTopa L, nOpog>KeHOro perynspHuMn Kpano-
BUMM YMOBAMM, € MPOCTUMMU HyAsMU DYHKLIT A(A), To 4ns #oro dyHKyii [piHa npu BMKO-

HaHHI YMOBW HOPMOBANOCTI
b

I Z*(X)Yu(x) dx = 1 (23)

iCHYE PO3BUHEHHA Y PIBHOMIPHO 30IXKHMI pag

LosegeHHd. Ockinbkn Qu{x,t) — nuwok yHKuii G(x.t.X) BigHOCHO ii nosntoca A, a BCi
BNacHi 3HadeHHsd onepaTtopa L — npocti nyni dyHKuii A(A), To 3rigHO 3 dhopmynoto, fka
[JOBOAUTLCA aHanorivHo, K y |9 c 48-50], Qv(x,t) = Yu(x)Z*(t), ge Yu{x), Zu(t) —BnacHi
doyHKuii onepaTopis L i L*, wo BignoBifatoTb BACHUM 3Ha4YeHHAM A, ra A, | NponopmoBaHi
TaK, WO6 BUKOHYBanMCb CMiBBigHOLWEHHS (23). Teopemy AOBEAEHO. O

3 Uui€ei TeOpemMu fIErKO OTPMMATL TEOPEMY NPO PO3BMHEHHS 3a[aHOT BEKTOP-PYHKUIT ,[{X).

Teopema 4. Hexait L —onepaTop, NOPOLXKEHUI PEryNAPHUMN KpanoBMMM YyMOBaMU, i Hexall
BCi 1070 BNIACHI 3HAYEHHA € MPOCTUMU HYyNAMN PYHKLITA(N). Togi 6yab-aKa BeKTOP-(yHKL A
f(x) 3 obnacTi BU3HauYeHHs onepaTopa L po3BMBAETHLCA Y PIBHOMIPHO 30iXKHUA pAL 3@ HOTO
BACHUMUN (DYHKLiIAMN

f(x) = Y ceylY,,(x), (25)
V=
fe Npu BUKOHAHHI ymoBu (23)

< = | Z:(t)f(t)dt,
aY,x), ZAY) BnacHi ¢yHkuii onepaTopis L i L* wo BignoBigalTb BAACHUM 3HAYEHHAM

XU i Ay

LosefeHHa. Moknagemo Lf = @', LrZv = ,pge ¢ i 2 —BeKTOpP-pyHKLiT 06MEXEHOT Ha
[a, H Bapiauii, HenepepsHi cnpasa. Togi

f{x)= 7 G{x,t)dip(t), Z,{x) = 7/ H(x,i)ao,(i), (26)



ne //(./.—dyHkuis T'piva, onepatopa L*. Migctasumo B popmyny (26) 3amicTb doyHKLT
G(x,l) 11 po3BuHeHHs (24). BHacnigok pPiBHOMIPHOI 36HOCTI OCTaHHbLOr0, MOXEMO KOro
iHTerpyesatu mouvneHHo. OTxe, cnpaBiXkyeTbca dpopmyna (25), ge

b
a, = \]z;td9t. 27
y (t)d9(t) (27)

a

Ockinbkn G(x.t) = H*(t.,x) (aus. [ ]), To 6y4e BUKOHYBATUCb TaKOX i PIBHICTb

b b b

b
Idi/cp) J G(x,t)dip(t) :J d-1/0) I H*{t,x)dip(t),
b b
3BifKW, BpaxoBytoumn (26), oTpumaemo cnisgigHoweHHs  dBv{x)f{x)= ] Z*{x) dip(x).

X
3 iHworo 6oky, L*Z,, = XIZ,. Togi -yA4.r) = f X*Zrff.) dt. TligcTaBuBIN UKO PIBHICTb Y
a
(27), oTpnmaemo, Lo

b b b
Q, ----- /<34 M IM = j- 1 (AMx)rf(x)dx= j z;(x)f(x) ix,
a a @
O 1 NOTPiGHO Byno LOBECTU. O

OTxe, 3a [LOMOMOrot OLUiHKM MaTpuui-cpyHKUiT | pina KpalioBoi 3agadvi nobyLoBaHO po-
3BUHEHHSA Yy pAf 3a BNaCHUMUK BEKTOP-PYHKLiAMM gudpepeHuiansHOro oneparopa L 6yab-akoi
BEKTOP-CDYHKLiT 3 06nacTi BM3Ha4YeHHs onepatopa L (TO6TO 3 MHOXMHW BeKTOP-COYHKLINA,
AKi pa3om 31 CBOIMM MOXIAHWMMW [0 MOPAAKY N —. € abCOMOTHO HerepepBHUMU na Wb,
a KOMMOHeHTU (r —:)-1 NOXigHOI MatoTb TaM 0OMeXxeHy Bapialito i HerepepsHi cnpasa, i
AKi, KpiM TOro, 3afl0BONbHAKOTL KPaoBi yMOBM (2)). OTpuMaHi pesynbTaTy MOMErwytoThb
LOCNILKEHHSA KOMMBaHb i CTIMKOCTI 6YAiBENIbHUX KOHCTPYKLLIN.
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Makhnei O.V., Tat,sii R.M. Expansion by eigenvectors in case of simple eigenvalues of singular
differential operator, Carpathian Mathematical Publications, 3, 1 (2011), 94-105.

The asymptotic formulas with large values of parameter for solutions of singular differential
equation allow us to estimate Green’s function of the boundary-value problem. With the help
of this estimation the expansion of singular differential operator by eigenvectors in the case of
simple eigenvalues is constructed.

MaxHen A.B., Taunin P.M. Pasno>xeHue no e06CTBEHHUM BEKTOpP-(hYHKLMAM B ciyvyae npo-
CTUX COBCTBEHHMUX 3HAYeHWI CUHTYNAPHOro amddepeHumnanbnoro onepatopa // KapnatckHe
mMaTematmycckmo ny6nnkaynu. — 2011, — T.3, Nol. — C. 94-105.

ACUMNTOTUYECKHE (QOPMYNM NpU GOMbLUIMX 3HAYEHHSIX MapameTpa ANs peleHuid CUHTY-
NSIpHOTO AuddepeHLNanbNoro ypaBHeHUs NO3BONSIOT OLEHUTb (PYHKUMUIO prHa KpaeBoli 3a-
gaun. C momorublo 3Toli OLEHKM MOCTPOEHO pPas3fodKeHWe Mo CO6CTBEHHbIM BEKTOP-(PYMKLMAM
CUHTYNSIPHOTO Andihepenumanbnoro onepatopa B ciydae NPocTUX CO6CTBEHHUX 3HAYeHWUIA.



KapnaTcbKi MaTeMaTUyHi Carpathian Mathematical
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Osunp I.€.. CKNCKIB O.B.

MPO OUIHKW IHTETIPANTIB TUMY NATINACA,
SANEXHWMX BI4 MANOIO MAPAMETPA

Oiivap I.C.. CkackiB O.B. Tlpo ouiHku iHTerpanis Tuny Jlannaca. 3aneXXHWUX Bifg manoro
napametpa /# Kapnatcbki matematuyHi ny6nikauii. —2011. —T.3, \°. — C. 108311,

BcTaHOBNOOTLCA aCMMOTOTUYHI OLUiIHKKW iHTerpanis Tuny Jlannaca.

i+ lexan f(X) —poBinbHa HeBif'eMHa BUMIpHA (PYHKLiA Ha L+ = [ ; +00), a 1 —3/i4YeHHo-

aAnTMBMA Ha Mipa 3 HeobMeXeHUM HocieM. Po3rnsHeMo (pyHKUii F(a), BM3HaueHi na
R_ (-30;0) 3a JOMOMOroko 36DKHOro 4718 BCIX 0 € IHTerpany
F(a) = I f(x)e°xv(dx). (1)
JRf

Uepes lo(n) nosHaummo knac Takux cpyHkuin surnagy (1), a uvepes u(E) NMo3HayaemMo
i/-mipy //-BUMipHOi MHOXMHU E ¢ K+, T06T0 U(E)  /KHENMN1)-

3a3HaymMMo, WOy CTaTTAX (5, 6] 13CTaMOBaA/IHOBA/INCD OLIHKM AOLATHUX IHTerpanis Buraagy
(1) (36XHUX ANsA BCIX 0 € K+ B |5, KpaTHUX iHTerpanis Tmuny Jlannaca B [6]), NpX LibOMY
OTPUMaHI OLiHKM BUKOPMUCTOBYBaNNCH NPW LOCNILKEHHI aCUMNTOTUYHMX BNacTUBOCTEN pafiB
Lipixne. Buasnaetbcs, WO MOXHa OTPUMYBATW OLiHKK 3BepXY iHTerpanis surnagy (1) vepes
MakCUMyM MifiHTerpasbHOro Bupasy 6e3 40AaTKOBUX MPUMYLEHb CTOCOBHO (PYHKLiT /, Kpim
npunyLeHb 404aTNOCTI | HeMepepBHOCTI. Y CTaTTi [5] Taki OUIHKA OTPUMaHO 3a YMOB NuLLe
Ha Mipy Vv, Npu LbOMY OTPUMYBaHI OLiIHKN BUKOMYKOTLCA 30BHI AeAKUX BUHATKOBMX MHOXMH.
B [5] TakoX Bif3HauYeHO, LU0 B 3ara/ibHOMY He MOXHa OTPUMATU OLIHKW IHTerpanis Buraagy
(1) 3Bepxy uyepes y(o, F) 6e3 BUHATKOBMX MHOXWH. B [2, c.190—2911 cpyHKuig, nogibHa [o
U(0.F), BBOAUTLCA ANA BMBYEHHS LINWUX (PYHKUIA, WO € nepeTBOPeHHAMU Pyp’e AedKoi
doyHKkuUiT /. A B [1] BiA3HAYEHO MPUPOAHICTL 3afayvi AOCAIAKEHHSA aCMMOTOTUYHMUX BNacTu-
BOCTel iHTerpanis Jle6era-CTifibTbeca B 3a/IeXXHOCTI Bif BnacTuBoCTed Mipu v(dt) = dv(t),
[e W(/) —pofa,THa MOHOTOHHa OYHKLS.

Y Ui cTatTi OTPUMaEMO Aeski aCMMNTOTUYHI OUiHKK iHTerpanis surnagy (1) 3 knacy
Z (i/) Ta 3acTocyemO ix A0 abcontoTHO 36KHMX y niBnnoiuunHi {z: Re z < 0} paais Aipixne
3 AOLATHMMM MOKa3HMKaMM.

2000 Mathematics Subject Classification: 18B30, 54B30.
KnwouoBi cnoBa i thpasu: iHTerpan tuny Jlannaca. BuMipHa yHKUif, Mipa 3 HEOOMEXEHUM HOCIiEM.

Hexali L —knac gofaTHMX HenepepBHUX Ha o, +c0) doyHKUiA t(i). Takmx wo ¢(i) —foe
(/ —=+oc); L+ —nigknac L, B SKMiA BXOAATb 3pOCTatoYi 40 +Co npyu X —v +00 DYyHKLUIT;
L\ —knac qyHKUin 4 € L Takmx Wwo
£+ dt
o F0 <

I{=L\MNL+ And ® € L+T1a h € L+ BBefeMO Knacu oyHKLUil

f+° dL
Lh,o := {® € L\ \h.(t) / --—0 (t =To0)}, N:= L/ ML+
¢ =1 (t) e W) ( )} y

Ana ® e L+ BU3HAYMMO Knac
10, @) = {F €1 n{u): hi E{0) > ®(L/|a]) (¢ € (m0;())}

Ana dyHkuii h € L+ 1a BuMipHOi MHOXMHNU E C (—eoc;0) acMMnTOTUYHOK //.-LWNbHICTIO
MHOXMHWU E y Touui 0 = 0 Ha3BeMO BeINUYMHY

Dh(E) = rimo h(1/\r\) measiE I'Ifl)_-, 0))dx,

ae meas (E\) = JE dx —/J1e6erosa mipa na K BUMipHOi MHOXMHK E\

3ayBaxeHHA. BigzHaumMmMo, L0 NOHATTA aCMMNTOTUYHOI /T-LWifbHOCTI Mnoxnnn E y Touyui
T = . € 3MICTOBHUM nuwe y Bunagky, konm lim h(f)/1 > ., no3agk y NpoTUNEXHOMY
/—>+ OC

sunagky Dh(E) = 0 gna E = [4;()).
Merog foBefeHb LbOro NoBiJOM/IEHHS € 6/M3bKMM [0 MeTOAy AoBedeHb 3 |5 ¢ | Akui

no-cyTi ekcnayaTye Ty X igeto, wo ny M. Posendnyma }] Ak i B |5 s | HecknagHO nepeko-
HYEMOCb, WO npn giikcoBaHOMYy ¢ < 0 Ha MMOBIpPHiCHOMY MpocTopi Q= R, 3 Mipoto

PNe) = Fla)

ANS BUNAAKOBOI BENMMUMHM & —X MaTeMaTuM4He crnogiBaHHa A& i aucnepcis {)¢ gopiBHIOKOTH
BI4MOBIAHO

= ) =(/ =q" = hi
M¢E J'HE(X)P(GX) (7{o), EX=9¢"(a), ¢{a) =hiF(a),

a 3a HepiBHiCTO Yebwnosa A4nd € = ¢ > ., MaEMO
I_T) J enf(dex):P{\(-Mi\>s}<uE£ '
\"-r-g"(<r)\>n/cg"(a)

3sigcu

F(a) < : I - / e™f(x)v(dx) (2)

AN BCIX 0 <.



HacTtynHa nema € no-cyTti BapiaHTOM BignosigHUX TBepakeHb 3 |7, ¢. 390] 1a |5 « .

Nema. Hexail yO(() - popaTHa gudpepenuiitona necnagna Ha (-oc. 0) yHKUis, § - fo0-
faTHa N0KaNbHO inTerposHa Ha (o, +00) (PYHKLifA, a MHOXUHA

oo <0 ¢0{ > o{nofi))}-

Toai

oo .
_ i
mens (EM[r W) < | <r<f <

90 (")

JosepenHs. CnpaBgai,

muffin [,/?)= J dt< =

7in[r,R] En[r,R]
38(A)
dx fdx
o) I o{x)
9 (/?n[r,R]) na(r)

[

Hexald supp v noci mipn v B R+, TO6TO 3aMKHeHa MHOXWHa E = qwyp v € Takoto, Lo
WUH\E) =0in{{x EM+ : k - TO]<™} >0 pana KoxHux x0€EE ir >0.
Ond 0 <0Ta F €io(,y) N03Ha4YMmMo

p*(o, F) = sup{f{x)eax: x € supp u}.

Hexal
/aH=p>{x€EMt+ . a <x < b}

[loBefeMO TaKy Teopewmy.

Teopema 1. Hexait @ € L+, F €10{n ®). Akwo

W ebad): NE V{i- vW); i+ VW)L <d <+°° @)

TO

F(a) < {d+o(1))u*(a, F)
mpn ¢ ——0 (0 ™ E). je BuHaATKOBA MHOXWHA E C R- ¢ Takowo, wo Dh{E) = 0.

[osegeHHa. Hexail @ > 0 e Takum, wWwo 66 < 1 Ans gosinbHoro € > 0 npuiimemo

A
L+ €0
Ta BMGepemo ¢ >1TakK, Wob c/(c- 1) < 1+¢&.>3a ymoBoto (3) 3 Aedkor doyHKUie X E I,,,®
i/ (@i.-  y/oi(i)-1 +y/di(i) <d+ae {t > t0). 4)

3ayBaxyroumn, Lo 3a Bu6bopom » +¢eB){a+ag) =d +¢, 3BiACK 3a HepiBHICTIO (. ), NOCNIJOBHO
ckopuctaswmce nemoto 3 gQft) = ¢'{t), p{i) = P\(i)/c, Ta HepisHicTiO (4), np ¢ ——H
(0 ™ E{a',¢)) oTpmumyeMO

F{a) < (1 +e/2)p,(0, Fu{o'{a) - yVi{g{a\ ¢'{0) + Vdi{g{a)\ < (d +)u*(o, F). (5
I103asK 3 MOHOTOHHOCTI ' BWM/MBAE, O

N\(T)>{l+a)g'{a)> -I/-igl(t) =g{a) ——) > ®(l/]a)/2 (0 -» - o),

TO AN aCUMNATOTMYHOI Z-wWinbHOCTi MHOXUHN B\ = E{1',®)) oTpumyemo

r+°°  dx Mo dx
0 < Dh{EN < tim Z2(/]r]) £ < ch{l/\r\) / ----- =0,
&y Vi) 7= = AN 7 e Doy

T06T0 Dh(E\) =0.
Hexah a(€) i £21(€) € TakMMK, WO HepiBHICTb (5) BMKOHYeTbCA And BCiX ¢ € (0(g);0) \
F1(g), npu ybomy

7(1/1r 1) meas(Fl(e) M [r;0)) < e (r € (a(€);0)).

Bubepemo Tenep nocnigosHocTi €n = 2'", rn = d(en) /* 0 {it —=+00), MHOXWNHY

+00
~ U ([?n'IH) M ~i(eq))
21=1
Ta QyHKUito € = €{0): [?'l,, ) =(o , +00) Taky, WO
e{0) =en gna o € [rn;rn+l).
Topi, 3a foeefgeHUMm, Ans Bcix ¢ € [n;0) \ E>o0TpumMyemo

F{a) < {d+¢(0))p*(o, F),

npn usomy €(0) 2, (0 —=—).
Ang ouiHKK /AWINbHOCTI MHOXUHK F. npu 1 € [rn;r71+1) i T —+00 Maemo

+00 +0
h{l/\r\)meas{E211[r; 0)) < Mm(/]|r]) 2~nl/h(I/\r\) + ~  2~k/h{l/\rk\) < 2 d = 0o(1),

K=n+1 K=n
T06T0 Dh{E2) = 0. Teopemy 1 goBejeHO. M

3ayBaxeHHA. 1. TBepAXeHHA TeopemMu 1 ¢ enemMeHTaApHUM Yy Bunagky, Konu ymosa (3)
BUKOHYETHCA 3 PYHKLUie @ € LAY Takow, Wo

t- \Vofi) =, (:) (i->+00),

nosask y ubomy Bunapky 3 ymosu (3) sunnusae, wo r/(VH) < +oo.

2. AkwodE) =T1ip, TEO,+00), pELl,+00), To,Hanpuknag, y BMNaLKy, Konu
ymoBa (3)BukonyeTocas (i) >7IH/". px € (..M), TBEPAXKEHHA TeopemMul nepecTac oyTH
TpuBianbHNUM.



3 TeopeMM : MOXHa OTpMMATW HacNigKM ANd abCONOTHO 36DKHUX Y NIBMAOLMHI
{z: Re z <0} pagis Lipixne surnagy

+00
F(z) = ~ T rner*\ @)
n=0

ge (A,) - Taka NOCMifOBHICTb, WO » = A < M < An- < A,.:. —>+00 (1 < n —+00),
aKi npn d = 1 JOMOBHIOKOTL BIAMOBIAHI pe3ynbTatv 3 [4, 3] y YaCTUHI YTOYHEHHS oOnucy
BE/IMYNHN BUHATKOT MHOXUHW.

[nsa uporo focuTb BUOPATM Mipy W Taky, LU0 ANF KOXHOI 06MeXeHOi MHOXMHU E C M+

KE)= 3
A€

fe 0x — ofAMHMYHa Mipa [ipaka, 30cepefXeHa B Touli A i3acTtocysatu Teopemy 10 pagy
[ipixne

+ r+oe
an(a F) =V \m\ax'= /  f{x)ex°dv{x) 1(0).
Mo 7n

fe / —Hesig’emHa oyHkuia Taka, wo /(A,) = )i f(x) =. gnd scix x  {A,,: n > ()}

Togi u*(o, 1) = p(o, F) '= {\F\eaXd: n > 0}. |, AKLLO BMKOHYIOTLCA YMOBM TeopeMun 1 ans
/(0). TO HeraiHO 3a fONOMOrot0 HepisHocTen (o, F) < M(o, F) < 9/1(a, F) oTpumaemo, wpo

M(o, F) = (1 + o(1))u(0,/0 )

npu a ——>0 (0 @ E, Dh(E) = 0). 3anmwaetbcq 3ayBaXuTu, LIO YMOBM Teopemu 1 Ang
YHKLiT /(X) BUKOHYIOTbCA AK Tinbku 1nlli(a, F) > &(1/|c]) (0 € (00;0)) Ta

0 A
/?I-Imoo II((p(Z)\n-H)) /l;—'nf_k-“_“ TR (3)

fe yHKLisN — obepHeHa Ao pyHKuUii @. Ang TOro, woby ubOMY NEepekoHaTUCb JOCUTb
BMOpaTMy paMkax TeopeMu : (PYHKUiO | Taky, Wwo

y/ W =[n+ f.'l'_li—ll e

pe tn= (A, +Ani)/., /,= (A,- X-\)/2 (n > 1), i 3ayBaXuTn, WO

[t € [bn, Bn+\)),

+ di / . . \ fborl dt ~ / i |

N T : \
.. 00 M—Ai AH-A/ x .. - AH—A/
i, Tomy, ana A € [V2(2An). (/2(2A0H))
n i “oo 2

HIO s 5 - MA(AY ) > T

/2 0 (0

OTXe, foBefeHO TaKuWIh Hacnigok.

Hacnigok. Hexait @ € L ii €L, igng abconoTHo 36ixHoro y nisnnownni {z: Re z < 0}
pagy Oipixne surnagy (1) sukoHywTbsea ymosu InM(a,F) > &(1/]a]) (o0 € (0,,0)) Ta (3).
Toai cniBBijHOWeEHHA (2) BUKOHYeTbHCA npu 0 —=>—O (0 £ E, Dh(E) = 0).

Ha 3aBepLUeHHSA BUCMOBUMO TaKe MPUMYLLEHHS.

Mpunyu,eHHs. TBEPAXEHHA HACATAKY 3aNNWNTbLCS NPABUNLHUM, AKWO YMOBY (3) 3amiHu-
TUYMOBOK

lim h(R) V] - =,
AL,>M(K)A™> | _ A"

AKa B 3arajibHOMYy € cnabwoto 3a ymosy (3).
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CXEMA AMPOKCVMALIT NIABNLWEHOI TOUHOCTI
OANDOEPEHUIANBHWX PIBHAHb HENTPA/IbHOIO TUMY

MepHali C.A., YepeBko |I.M. Cxema anpokcumauii NifgBULLEHOT TOYHOCTI, AndepeHLianbHUX
piBHSAHb HelTpanbHoro Tuny // Kapnatcbki matemaTmuyHi ny6nikauyii. — 2011. — T.3. .VI.
C. 112-123.

JocnigXeHo BNacTUBOCTI PO3B’A3KY MOYATKOBOI 3ajayi Ana AudepeHLianbHO-Pi3HULEBOrO
PIBHAHHSA HENTPanbHOr0 TUHY. YTOYHEHO OUiHKY HabnuMKeHHs eneMeHTa 3ani3HEeHHS CXEMOo
nigBuLLEHOT TOYHOCTI, 3a 4OMOMOrol AKoi NobyfoBaHO Ta O6rpyHTOBAHO CXeMy anpokcumawii
NiJBMLLEHOT TOYHOCTI PiIBHSIHHA HENTPanbHOro TUMY MOCAIJOBHICTIO CUCTEM 3BUYaMHWUX aunde-
peHuianbHUX PiBHSAHb.

Bctyn

Cxema, anpokcumauii NiHIMHWUX AudpepeHLianbno-pisnnuesmnx pisHaHb (APP) nocni-
LOBHICTIO CUCTEM 3BMYANHWUX [udepeHLiaNbHUX pPiBHAHL Bneplle 6yna 3anponoHoBaHa
M.M. Kpacoscbkum |1} npu gocnifXeHHi 3ajayi npo CUHTE3 ONTMMasbHOIO peryndaropa B
cuctemax i3 3anisHeHHAM. TOYHICTb anpokcuMMauii HeniHinHMX PP i3 3anisHeHHAM fochi-
mpxeHa 10.M. PeniHum B |} Y ujin po6oTi BnepLle JOCNIAXYETbCA anpoKCMMaLif cKansap-
HOro efiemMeHTa 3ani3HeHHA Yy BUNAAKYy, KOMM MOro BXigHa (OYHKUif € AMdepeHLIiioBaHOLO,
abo 3a0BOJIbHAE ymoBYy Jlinwunua. oganblie BUBYEHHS cxem anpokcumauii APP B npo-
cTOpax HerepepBHUX (PYHKLIA Ha CKiHYeHOMY iHTepBasi 34iiicHeHO B poboTtax |.M. Uepeska
Ta JILA. Migay6Hoi [4, 5. AocnigkeHHA cxemu anpokcumauii cucteMu AudpepeHuianbHo-
PI3HMLEBOrO Ta Pi3HWULIEBOrO PiBHAHbL A03BOIUNO NOWMPUTU cxeMy KpacoBcbkoro-PeniHa na
BUNagoK APP HelTpanbHOro Tuny 3a Xennom [ ]. AHani3 TOYHOCTI anpoKcMMaLlii BEKTOPHO-
o efleMeHTa 3ani3HeHHA A8 Pi3HUX BXIAHWUX (PYHKLIA Ta y3arasibHeEHHSA CXeM anpokcuMmalii
Ans cuctem APP 3ani3ntoro4oro i HeMTpanbHOro TWUMiB 3fiicHeHO B pob6oTax |.M. YepeH-
ka Ta O.B. MartBis [, 3]. Cxema anpokcumanii APP i3 3ani3HeHHAM MigBULLEHOI TOYHOCTI
3anponoHoBaHa y pobotax [11, 9]. MeTot0 faHOi POBOTU € MOLUMPEHHSA CXeMU anpoKcumaLii
NiABMLLEHOT TOYHOCTI ans APP HeATpanbHOro Tmny.

2000 Mathematics Subject Classification: 34K07, 34K28, 34K40.
Knto4voBi cnosa i guipa3u: cxema anpokcumaii NigBuLLEHOT TOYHOCTI, AndepeHuianbHO-pi3HULEBE PIBHAHHSA,
andepeHUianbHi PiBHAHHSA HeWTpanbHOro TUNy, OLiHKA HabAMXKeHHS.

1 MoctaHoska sagaui. Cxema anpokcumal,ii
Po3rnsgHemo aundepeHLUianbHO-Pi3HNLEBE PIBHAHHA HEWTPa/IbHOro TUMy
/(7)) = f(t,x(t),x(t - 1),X'(i - r)). tE€[OL], (1)
3 NOYaTKOBOK YMOBOIO
x{t) = go(f, x\t) = ¢0(i), t €[---0] 2

ge T>0; f(t. w, w,u\) —HenepepBHa PyHKLifA, BU3HAYeHa gnd / € [0,7"]. €/
LLIO 3340BO/ILHAE YMOBY Jlinmwinua

/(1,W, Ui, U]) —/ (2 to, Vi . V)1 < A (/1 —R1+ Iug—voj+ M[—I[+ N\N—W], (©3)

K >0, t]J,. € [0,7i], yo{h —3agaHa npu / € [—. 0] AHGepenuiiioBna yHKLis, moxig,na
AKOi 3al0BOJIbHAE YMOBY Jlinwimus

INo(M) Mo (b)1< LOXN- 2\ L§>0. /1 /. €[, 0] 4)

BusHaunmmo pyHkUii Zj(t), ] = 0,m, AK pO3B’A3KN CUCTEMM 3BUYANHUX LUIepeHLianb-
HUX PIBHAHb

=0 (0 =X FO(O,ZT (04(0)
2 Am)A i W ~IZv+3Z0 =3Zjre 31 = 1orn
3 NoYyaTKOBUMM yMOBaMVI
zo(0) = "0(0), Zj(0) = @o(-%), n(0) = J=Tjn. ©

BBaxatumemo, iuo po3e’a3ok 3agadvi Kowi (5)-(6) aripokcumye po3B’a30K MOYaTKOBOI
3afavi (1)—2), aKWo

i [i ~ ~z{0] “~0, J ~0,m, t€[0,T] npuy m —oc.
2 BnactwmeocTi poss’aszkie nmouaTtkosoi 3agaui (1)-(2)

Mpy HaBefeHWUX B MepLUIOMYy MYHKTI yMOBax PO3B’A30K no4vatkoBoi 3agadvi (1)-(2) 6yae
HenepepBHO-ANEPEHLIOBHOIO (DYHKLiED Ha [—T; T] 32 MOX/IMBUM BUHATKOM TOYOK / —
kT, £=0,1,... . ANS iCHyBaHHA MOXiAHOI p0o3B’a3Ky B Touli /= 0 HeOOXiAHO | AOCUTb, LIOO
BUKOHYBanacb yMoBa CKnenkn (ame. [io])

4(°) = 00, Y200, vo{-1), ¥o{-1)). ™)

Nlerko 6aunTn, WO NpU BUKOHaHHI ymOBM (7) poO3B’A30K 3agadvi (1)-(2) TakoX Hene-
PEPBHO- A4NPepeHLiNOBHMIA B TOUKAX t = KT.K = 1 2 o



Nema 2.1. Hexail cnpaBgXytThes yMoBN (3),(4) TaBUKonyeTbeq ymoBa cknenku (7). Togi
po3B'A30K X(t) noyaTkoBOT 3agaui (1)-(2) —HenepepBHO-AuepeHyinoBuuit na [-T,T] i X'(t)
3afi0BOIbHAE YMOBY Jlinwnuys

|r() —T(/2] < LN\ —t2\ A >0. t\,t2€ [ T]. ()

[osepeHHs. Posp’asytoum 3agayvy (1)-(2) MeToAoM KpOKiB, AiCTaEMO MOCNIAOBHICTb 3ajad
Kowi ans 3BMYaliHUX AudepeHLiabHUX PiBHAHb

L) = I(/), tok(t - ), -T)), /€ [hr, ik -} )r], 9)

r{kT) = ipk(KT), K=10,1,2 ccoerrens (10)

Mpun BUKOHaHHI ymMoBU (3) icHYE eanHMiA po3B’a30K /() = <kH\(/)- A=0, 1, 2,...,3aaaui

)-(10). npuyomy ifk+H(t) e C][kT,(k + 1)T], k=0,1,2,....

Akwo ymoBa (7) cnpaBAXYyeTbCA, TOAI PO3B’A30K noyatkoBOi 3agavi (1)-(2) Oyame
HernepepBHO-ANMEPEHLIAOBUNIA B Touli / = o [10] I, 9K BUAHO 3 PiBHAHHA (:), .r'(/) 6yae
HerepepBHOIO B TOYKax / = KT.K = 1,2....... TakMM 4YMHOM, NpPU BMKOHaHHI ymoB (3),(7)
PO3B'A30K MOYaTKOBOI 3afayi (1)-(2) — HenepepBHO-ANepeHUiioBunin na [-T,T].

Mokaxemo, WO ymoBa (=) TakOX ChpaBmXyeTbca. CrnoyaTKy PO3r/gHEMO BiApi30K
[~T,T].

) AKWo /. . € [—,0], To (s ) cnpaBmXyeTbCa 3rigHO ymosu (4) npu A = AQ.

2) Hexaii tu <. € [0,r]. Mpun t € [0, T) po3s’a3ok x(t) = @\{i) nouatkosoi 3agaui (i)-(2)
HenepepBHO-ANMePeHLii0BHMIA. TOfi, BUKOPMCTOBYHOUM BNacTMBOCTI doyHKUid @O(1),0](i) i
ymosu (3) (4). maemo

VAN - xNI2N = \F{U,x{t\),"MU - 1),0'0{ii - r)) - 772, x(12),9%>0{l2 - T),<P'Qt2- D\ <

ISO\LX — 721 P \gA (AL) — VA (A2) T+ [vAB(if ~ 1) —YO(™2 — 1)1+ ko(*1 ~ —Fo("2 * 1)) fi
N/ - R+ max \O\MP)\Nil - 2]+ w max KE@E)|]i“ M + ~o]it - t2y =
ATI + Sr;rggi(] 1N + Serp% |i7200)l + Lo)\t\ ~ t2\

3) Akwo i\NE[ 1,0], at2€ [0, T], TO 0fEPXKYEMO
X' (L)-x"(i.2) = Whi)-x"(12\N=U(U)-"~"0(0)+"0(0)-x"(t2\ < Iv?i,(ii)-~(0) | + |(0)-
X{l)I< Ao/, - o+ /.7 () "0(-7),"(-T)) - Ju20{l:)2 - 1),0'0(L - D)] <

Al - L[{A(O- 2]+ max INE) 0 - 2]+ max [KOs)11>- Z 1+ A0J0- 2) <

(A + Al + max <36)! + max; I70(s)l + LO)\U - t2\
Omxe, x'(t) 3af0BONbHAE YyMOBY Jlinwmusg Ha [T, 7] :

W\ —xX (= \N< Ailfi —:1 A >0, /i, 6,1,

fe A = A)+Aq + max I'7i9] + Jnax, Fas)| + A0).

MpunycTtumo, wWo po3s’sa30K 3agadi (1)-(2) sagosonbHsaAe ymoBy (8) mpm t € [—T.]T\,
j > 1,3 A= Lj. Mokaxemo, Wwo us ymosa cnpasegnuea ana /€ [—1. (j + 1)T].

1) Akuwo t\,t2 € [, jr], 10 BnacTmeicTtb (§) cnpaBaXyeTbCcs 3a NpunyueHHs 3 A = Aj.

2) Hexali /j,/2 € [jr. (j + 1)T]. Ha ubomy Bigpisky po3ss’asok X(t) = @’1+](i) nouatkosoi
3agavdi (1)-(2) — HenepepBHO-agnchepeiiyiioBnuii. Toai, BUKOPUCTOBYHO YU BNACTUBOCTI (PyH-
Kuin @ -jit). <PjH (/) i ymosy (3), maemo

IX (/1) - x4/n) = \f(h,xiU)7Ajih 1), 03] - 1) - 7(2)xit)19jit2- t),v'j{12- )] <

Ar(l+ max b'+l(s)] + max L' (s)] + L)\t{- 2]
Dr] ' NE[7—)r,.7r]

3) Akwo /L€ [ut. (W+ 1r], 0 <p <j,t2€ [jr, (j + 1)1], i6 maemo
\Xx'ih) - x "(t2\ = )\ x\NiA), ov{ir-1),0 "p{iN- 1)) - i{i2,x{i2),0:1{i2- 1),0]{i2- V)] <
A/, - 21+ e+l - AjFii2)l+ M oh - 1) - 45it2- )0+ 1M - 1) - 009 - N <
A (I —i2]+ 1Pp+i(/y) —"p+ri((p + D) + @p2{{>+ 1)1) - ... + @ H(jr) - 0.7 {(72)]+

\Yp{IN-1)-9p(p1) +@p+i{pT)-...+@1(0-1)T)- P (L 2-1)\\op{lT-T) -@'p{IMA ¢p+1{In) .. p

- D7) - n ~1)\< K(I+ max NS+ 2 max Ml (9] +
)0 - 9) ) (I gy 1O+ 20 max [0 (9]

>G[(rjnaB(t,jt] .(.s’)l) -f sS[ro;.a(jXH)r]IAH(S)I +Lp+ LpH +...+ AT)|/l A=

4) Mpu /1 € [, 0], t2 € [jr, (j P 1)T] ananoriuHo ogep>kyemo, wWwo

[X'it]) - ~(/)l < (A0O+ F(1 + S€rr[1_ar1’>%] |70(s)] + Z(Srep[(ii(] NG + - m T
ZAOI)) + max | ~+168)] + A0+ ... + ATV, - R]< Al+1]A - L\
Se[(J |)rlf] lir.(G+Dr]

Omxe, X'{t) sagosonbHAe ymoBy Jlinwuuys npu /€ [—T. (j + 1)1] 3 A = L1+]. Ockinbku

j —aoBinbHe uine, To ymoBa (8) cnpaBakyeTbca npu /€ [—T,T]. Nema 2.1 goBegeHa. O

3 ANpoKcuMmalis enemMeHTa 3ani3HeHHS

Nema 3. PosrnaHemo 3agauy Kowi gng cucTemMu NiHIAHUX gudepeHyianbHUX PiBHAHb

um)2zit) + - o+ ™M(i) = x{t),
k& Wt) +mzZNe+zj{t) = z-1(t), j =.,m, [ ]

Zj(0) = xi-%)> ] =hm, (:2)
pe x{t)  dyHKYil, BM3HAYEHA Ha [—%, T], noxigHa AK0i 3af0B0ONbHAE yMOBY JTinwnus, T. T
cTani. Togi gng m > > T CpasesnusumMn 6yayThb CMiBBILHOWEHHS

(»)-*(>-£) £:m i-Vm. IE[OT, (13)

N
'‘A) - xX{t-£-) <F,j =1m te0T

ne A\, A2 >, —Tai, W0 He 3aneXUTb Bij | Tam.



[oBefeHHA. Po3rngaHemo cnovatky 3agavy

y z°(t) + 1Q\i) + z{t) = x(t), - () = x(-1), 2°(0) =x'( r). (15)

MosHaummo y(t) = x{t - T) i ouiHumo pisHuui €(i) = z(t) - y(t) Ta ¢'(0 = ~'(0 - 1/(0-
3rigHo (15), €(/) € po3s’d3kom 3agadi Kouui

€ (o +j[€'(o +j[l€(o :é'é(o . .D.O):o, £I(o):o, (16)

per-(/) =HAo0O —i(/— ) —x'(i—F)] —X"(1 —T). a3 «wo X"(t)3240B0NbHAE YMOBY Jlinwnua
i3 ctanoto A2, To\§{i)\ <A.1. Ond po3Bs’a3Ky 3agayi (16)Maemo 306paxeHHs

g =) T e sin-—-- if(s)ds, (17)
0

eN) = —] a~~ sin -—-- ip(s)ds +j e~~ cos--—--y(.u)p». (18)
0 0
BpaxoBytoum ouiHky gns ¢(i). i3 (17) ta (18) ogepxyemo
NOoI < /713, (19)
IE'(i)I <, K2T12 (z o)

Po3rnsHemo Tenep cuctemy andpepeHyianbHUX piBHAHb (11). Mo3Hauumo yj(t) = x (t-3)
i ouiHumo pisHuui € (£) = /) - YN, €'(0 = q{i) - y'j(t). Buxogsum i3 ouiHok (19) Ta
(20), MAaEMO

MOl = b,(0) - y,(01 <

10(01 — |O(I) e < 2K|(‘Ay
Ockinbku r,(0 =yi(t) +ci(t.), To npegcrasumo (2= {2+ % fe z2i -. € PO3B’A3KAMUN TaKUX
3agay Kouwui

QLY (400" +L <4()) +4(0 =>0 0, o () =10)E 6))'= 6 (1)

'ZQ/_T)/ (Az(o );/l‘l'"_i_(rz (0 Y+ Mo :81(0 2 (0):0, (rz (0)) = 0. (22)
B ybomy BUNagky ofepxyemo

MOl =MO ... <1*20- N&I +1-101 <no (* ¥y +14(01-

1401 =14(0 - 4(01 <1(4(0)' - 4(01 +1(-'O)1 <.. ... . I(4(0)I-

t

[ns po3B’da3ky 3agavi (.. ) MaeEMO ABHe 300paxeHHs zj(t) = sin ™t. - s)ei{.s)d.s.

Togi

m .
1 — f =& T 9sin — —s)s\(s)ds </c2f \//I JI Jn-1€-’> -» dJ!Hﬂ‘J\Z-\m/, |

m -
5 N
(~@G ):= ~1¢e¢ T sin —(t —s)e\(s)ds + /e ~cos ;g(/. —B)et (s)ds
< 2Kj (cﬁ) /e 1 e)ds < 2K2(ﬁ
OTxe, Maemo
t \s T, 3
= /Vz( ! 1
1/ TIT -rn. nv

, _ . r 2
o) < 2K2(—) +:K2, —2Ao(—§ L

MpoAOoBXYHOUM aHANOTiuyHO, OAEPXUMO NpU M > . T

r, ra TO - I_I
m2 ' m4 m:(—-)) -
r,h /T\3/ 1 1 i \ 4™/r\.. -
(23)
(fi») (I + 4+ 16 + - + P + - )" » Y 1) g =
2(7 1)
AOI<UTV2A Y70 +fr o, + 1 =
F2W Fa gt teg SK2— . =1 (24)
3sigcu sBunameae, Wo zj(t) —=x(t - ) i z'(i) —=j7( - | = 1./ piBHOMIpHO nNa (.77

npu rm —>00. MNocnabumo Tenep ymosn Ha X(t). Mpunyctumo, wo x'{t) 3a40BO/IbHAE YMOBY
Ninwunug i3 ctanoto K\ 1 |X(0] < npu t € \=—,T]. MNpofoBXUMO yHKUiO .[(/) Ha
iHTepsan [—1, T + /i, h >0, noknaswu X(t) = 0 npn t N [—7.T]. Po3rnsaHeMo 3rnagxeHy
doyHKUitO

t+h

Xi(0 =1 1 x{s)ds, te [ T],

Apyra noxigHa fKoi 3a40BO/IbHAE YMOBY Jlinwmus 3i cTanowo
OuiHnmo dpyHkuito ;r2(0 = 7(0 ~ 11(0 i noxigHy



t+h t-Th
y(() - Yoo L) = 1/10-4)Ne S L) K (t-<)dH - . -
(26)

PosrnaHemo Tenep 3agayvy (15), pge x(i) = x'i(0 + x.(0- Moknagemo r(i) = £i(0 + *20>
»(/) 1 ;2(/) —pO3B’A3KM TaKuUX 3agay

- L' +A(0 +o00 =*,(*), 1,(0) =xi(-7). 4(0) = .4(~71); (27)

NA/) +14(0 +22(0 =."2(0- -2(0) = x2(-r). 4(0) =4(~r) (28)
OuiHnmo pisHuui 40 —x(/. —r) i z'{t) —x (t —T). Maemo

L) —x(/ - 1)1 = \aift) + 22(t.)-Ti{t-T)-T2{t-T)\ < 1z7t) - xi{f- D\ + 200\ +\w2{i- O\

Topi IT{L) - x'(t- r)I< |4(0 - xi(i - t)1+ 14(01 + 1-4(i - 41- Ockinbkn gpyra noxigHa

yHkuii X]{t) 3agoBonbHAE yMOBY Jlinwmuys i3 cTanoro , TO, 3rigHo (19) Ta (20),
, 2K\
[~/ )-xi(/.-0)] < = 13 (29)
1 4 (0 1p. .. T, (30)
Ana r2(/ - 1) 1a 4(/ - 1) cnpaseanusi ouiHku (25),(26), Tomy
Pe(i-r)l <™, L ("r)] <™.
®yHKuig r2(0 t po3s’askom 3agaui (28), TOMy MarOTb MiCLe PIBHOCTI
I
i-., t —S
() r2(-r)r-r cos - + (rx'2(-r) + x2(-r))e rsin- + / re- > sill -x 2(.9)ri.s
: : t
_iro(-r)r "cos- - —x2(—)e rsill - - -{TX2(—) + X (-T))T Tsin
r T
t . [—s L- S
+-(TX'2{-T) + x2{-T))e~r cms-_l_- I e 'r'sin--—-x2(s)ds + le - cos — x2(s)ds.
Toai Maemo OLiHKM
it Lot ,
2N < X2{-T)iMrem - + {X2{—T)+ x2{-t))c. *sin- + s <
A TKih MM e MA Ly amay Y M

2 2 2

1 o , ,
1401 < - -X2(-T)<g PCOSy + i REnE mshe 4 (T ()

x2(—T))e rsin  + —e IM™ T x. (s
t- 2M\h , : Mi
] cos ° x2(s) T/ < + K\h + M\iit[ 1 -¢ Mi + A, +N\/,T .
e
OTxe,
7/ /3 K\ t2Mt
Cof- nf < Lr wicas, # 2 4 25V

NnQO-x(i-r)y}] <~ +0(~ +HI+4,r).

Posrnagatoun Ternep cuctemy piBHAHb (::), ge X(t) = x,(/.) + x2(/), i NpoBoAAYN aHaNOriyHi
OLiHKW, OfepXyeEMO

TK\ /T
- (0 '*(! "ra < 3 V;T\V +)\Y\2-|J1 +—/r]-
s AT/ \j n r o TKN N/Jr2\
s \m Vil oy - Rndr e RN NI (31)
, A 32A, (T\2 (2M\  3AT ),
Pleo-xt S L M CT) +A(— +— +NNT]-
32A', VARY: o _ N
3 vmy TV S0 T WL
Moknagemo B HepiBHOCTAX (31),(32) h = — maemo
1 /8A'Ir2 N i . 8AIr
-/ - —) < — - < = - )
Cae - W/ 777) n \am (rl3,j/ ' ni 3f-TB\
v /32A'r A2 _ 3R2A|T
<= \_ 3 htB2 i n. ———----3-1T|32.
Nema 3.1 poBepaeHa. []

4 O6rpyHTyBaHHSA CXeMuU anpokcumauii

Teopema 1. Hexai ;,(/), ] —0, m - po3s'a30K 3agavi Kowi (5) (6), a A/) po3B'A30kK
noyaTkoBoi 3agaui (1) (2) icnpasgxywTbea ymosu (3),(4),(7). Toai po3B’a30k 3agavi Kowi
(5) (0) aiipokcHMYe p03B™30K no4yaTKOBOI 3agavi (i) (2), | MalTb MiCLC CMIBHIANOMH WiA

Xt (0

< —
T,/ T

-] =o0,m te[0,7],

Xi 1-E)-*Ne < il =0T e o

ge B\. B >0 cTani, wo He 3anexaTb Big j Ta rn.



[losefeHHA. PO3rnsaHemMo cuctemy 3BMYalHUX AndpepeHLianbHUX PiBHAHb (5) 3 MOYaTKOBUMM
ymoBamu (s ). Hexai

NAt) = max xfs---) —zjes) , j =0,m, t €[0,7i] (35)

o<s</. \ m7/

— 1 o _ 2' — . . 36
MAQ) = max x'(s rn)/ J(s) j=0m t€[0T] (36)

MpeactaBumo 1-(<), j = I.m y surnagi cymn zj(t) = zf\t) + zf\t), ge » (i) 71a *R)(i) €
po3B’a3kamMn Takmx 3agay Kowwui:

2 & Z'W+ ~ZIW + 2\1)=x(1),
Ve g B0 LW () =2m, (37)

17 () « x(-S), £"«>)-/ (-SU -1.».:

i()S,z,+’\;,z,+’\r:*(o-i:’\. W
© =0, r'@ =0,j = 1,m.

OuiHunmo pisHuyi |£j(0 - .r(i - £)] Ta |-(i) - x'{t - £)]. BpaxoBytoun BUrIa4 CUCTEM
(37),(38), maemo

0 - © \=s Nxo+ -frp- *<-9 1s H'(0 - K" -9 1 + R2,)I

uo- r(i- )y < /() +UT (os -

lMokaxeMo MeTOLOM MaTemaTW4yHOl IHAYKLIT, Wwo anga gogaHkis |r-2)(01 ta & (01 cnpase-
A/INBI OLIHKM
\zf\D\ < AMofi), J =17™, t€ [.T], (39)

L&Y, 1AL ivo(), | = *€ [0,7i] (40)

Ana po3B’A3KYy PIBHAHHA s (M)220,(Q + ~2j@ +4 2 = .. (i) - X(i), 3 noyaTkoBMMM yMOBaMU
CXe) =0 2/)6) =0, 2 j20(i) mae Burnag

@ n: 3™t 9sin (y (F- 5)) [z (s) - x{s)]ds.
i nppm >t
PL.() <Q 4 (*) <NM -

[*?2°(6 1< '\r-n)/zzNo(() <. W,(().

Mpunyctumo, Wwo HepisHocTi (39),(40) cnpasaxyetoca npu k =j, a came | (0] < A (f),
|-~ ()] < 2NO(t,). Mokaxemo, WO BOHM OyAyTb cnpaBeanmei npu k =j + 1

Alwr=. . pe-r\zfys)\ds<2aNoW | "7 s < 2No(t).

OTxe, HepisnicTi (39),(40) maroTb MicLe.
Anga cuctemmn (37) BUKOHYHOTbCA YMOBM nemn 3.1, Tomy
A\

Z\) - x(t- =) <= ] =1m t€QT, A >0
t) —x(}—m) <— j=lm /€[0T A2>.,
OTxe,
zico - X(4- < — 4 NO(), | =1m, ie[0T], (41)
AD - Syt 2N, = /€ 0.7 (42)

HepisHocTi (41),(42) cnpaBpxyetbca ana Bcix i € [0, T]. Tomy, BpaxoByHOUM MO3HAYEHHSA
(35),(36), maemo

Aj(O <M)(0 + =, | =1m, tE].I, (43)

ﬁ_y
Mj{t) < 2A0(i) H]r1n j —1,m, te [0,7]. (44)
Ouinumo Tenep pisHuui |.x({) —r0(01 Ta |x'(i) —"0()]- 3anucyroum piBHAHHA (.) i (5) ¥

IHTerpanbHOMy BUINALI Ta BPaxoBYHUM BNacTUBOCTI CPyHKUIT /(i,m0,w,n"\), OfepXyeMO
t

\x{t) - zQO\ < | if(s,x(s),x(s - r),x"(s - t)) - f(s,z0(s):zm(s),z'7n(s))\ds <

L 1 (4NOgS) H— (i + /1))(I' < 4L 1 NO(s)ds 4— (/1] + A9G)T. (45)

HepiBHicTb (45) cnpaBmXyeTbca ans Beix Z€ [0, T], TOMy, BpaxoBytoUn no3HavyeHHs (35).

MaemMo i

No{t) 4LJ[ No(s)ds H“rﬁ(ni + N7 .
0
3acTocoByrOUn HepiBHICTb FpoHyonna-benmana [11], oTpnmaemo

Ao(0 < T_I'I(m +ﬂ2)Te4M_

Tenep i3 HepiBHOCTel (43),(44) mMaemo
Nj(t) < L(A\ + ANMeAl H—-< — i €[0,7], ] —1L m,
m m m
e —L(i+ n)TeMAT 4 i,
Mj(t) < %‘(Ar +A2)TeALIr+% < % ie[r], j=1m

he /- —2L(A] + ”r)? + /1, -
Teopema oBefieHa. L]



5 Tlpuknag

Po3rnsaHeMo MoyaTkoBy 3ajady

O =x{t) +2x(t - ) +x(t- 1), tE[0 1]
() =2t +8§, te[-1,0], (46)
3fli) = 2 te [-1,0].

TOYHWIN pO3B’A30K 3afadi (46), 3HaXOAMMO MeTOAOM KpOKiB Ha [0,1]
Xm{t) = del —4i —  Xm{t) = 4e(—4

HabnuxeHunii po3s’a30K I, 3agadi (46), 3HalAeHNIN SK PO3B’A30K anpoKCUMYKOUOI 3adadi
Kowi gns cucteMn 3sMyanHUX gudpepeHuianbHUX piBHAHL (5). [N YACNOBOro iHTerpyBaHHS
CUCTEMU 3BUYAMHUX AndoepeHLianbHUX PiIBHAHb BUKOPUCTOBYEMO Pi3HULEBY cxeMy [ipa nep-
LLIOro NOpsAAKy. Pe3ynbTaTh YMCNOBUX EKCMEPUMEHTIB HPU PISHUX T HaBefeHO B Tabnmuysax

Tabnuua 1

t X7 X,{m =) Al XH(T, = 13) a .
0000000 0,666667  0,666667  0.000000 0,666667 ©.000000
o 200000 0,752278  0,752253  -0,000024  0,752253  -0,000024
0,400000 1,033965 1,033903 -0,000063  1,033906  -0,000060
0,600000 1,555142  1,554397 -0,000745 1554990  -0,000152
0,800000 2,368830 2,353762 -0,015068  2,363890  -0,004941

Tabnuus, 2

t XT XH{T =) Ai XH(T =13) Ar
0 200000 0,885611  0,885587  -0,000024 0,885587 -0,000024
0,400000 1,967299 1967124 -0,000175 1,967239 -0,000060
0,600000 3,288475 3,275736  -0,012739 3,287066 -0,001409
0,800000 4,902164 4,717788  -0,184276 4,816214 -0,085950
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Pornay 8.A.. Clierevko I.M. Approximation scheme of higher accuracy of differential equalions
of neutral type, Carpathian Mathematical Publications, 3, 1 (2011), 112 123.

The properties of solution of initial problem for differential-difterence equation of neutral
type were researched. An approximate estimate of element delay was specified by scheme of
higher accuracy. The approximate scheme of higher accuracy of neutral equation by a sequence
of ordinary differential equations system was constructed and analyzed.

MepHali C.A., UepeBko WM.M. Cxema annpokcMmaLuMn MOBbilENHON TOYHOCTIi gudchepeH-
LManbHUX ypaBHEHWI HelTpanbHOro tmna // KapmaTckue matematmyeckue riybnnkauum.
2011. - T.3. Nel. - C. 112-123.

MccenegoBaHbi CBOMCTBA pelleHUss HayanbHo?! 3agayun Ans gnddepeHunanbHO-pasHOCTHONO
ypaBHEHUS HelTpanbHOro Tuna. YTo4YHeHa oueHKa HpUGAMKeHNs 3neMeHTa 3anasfbiBallisa exe-
MOV MOBbHMEHHOM TOYHOCTU, C MOMOILbIO KOTOPOW MOCTPOeHa H 060CHOHaHa Cxema allipoKcn-
MauMn MOBbilLEHWON TOYHOCTWU YpaBHEHWA HENTpPanbHOro TUMa NocnefoBaTeNbHOCTbIO CUCTEM
00bTKHOBEHHbIX AH(epeHuManbHbiX ypaBHEHNIA.
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Savchenko O.

A REMARK ON STATIONARY FUZZY METRIC SPACES

Savchenko O. /A remark on stationary fuzzy metric spaces, Carpathian Mathematical Publica-
tions, 3, 1 (201 1), 124-129.

The main result states that the category of stationary fuzzy metric spaces (with respect
to an archimedean /-norm) and nonexpanding maps is isomorphic to a full subcategory of the
category of metric spaces and nonexpanding maps. The case of non-archimedean /-norms is
also discussed.

Introduction

The notion of fuzzy metric space is tightly connected with the notion of probabilistic
metric space. The latter is a generalization of the notion of metric space in which the
distances take their values in the class of distribution functions. The fuzzy metric spaces
found numerous applications, e.g., to the theory of image processing.

The theory of fuzzy metric spaces is developed in different directions. In particular,
many authors considered the problem of existence of fixed points in the fuzzy setting (see,
eg. [3l, } ). Also, some functorial constructions in the categories of fuzzy metric spaces
were investigated.

There are two main theories of the fuzzy metric spaces. One of them is based on the
notion introduced bv Kramosil and Michalek in [ ]. Another class of fuzzy metric spaces,
more restrictive, is defined by George and Veeramani [2]. In this note we deal with a
subclass of the latter class, namely, with the so-called stationary fuzzy metric spaces. The
obtained results demonstrate that the stationary fuzzy metric spaces with respect to given
archimedean (and some non-archimedean) i-norm are tightly connected with the ordinary
metric spaces.

In the last section we formulate some open problems related to the results of this note.

2000 Mathematics Subject Classification: 54E70, 54E40,54B30.
Key words and phrases: fuzzy metric space, stationary fuzzy metric, ultrametric.

1 Preliminaries

A binary operation *: [ ,:] X [,:] => [, :] is called a continuous i-norm if ([(). :], *) is
an abelian topological monoid with the unit . such that a*b < ¢ *d whenever a *¢ and b*d
forall a,b,c,d £ [o,:]

In the sequel, we willconsider the following examples of t-norms:

. a*b—min{a, s }

A i-norm * is said to be archimedean provided for every x,y € (0, 1) there exists n € N
such that x *x * x mm* r <y (here * appears n —: times).

It is well-known (see, e.g. |7]) that any archimedean /-norm * can be represented by
means of a continuous additive generator, i.e. a continuous strictly decreasing function
[/ [.:]—(,00] with /(:) = such that

x*y = () ({t{x) +t.(y), xy €[0. 1
(hereafter, tfA(u) =, . (min(u. t(0))) is the pseudoinverse of /).

Definition . .. . A triplet (X, M, *) isa FM-space if X is an arbitrary set, *isa continuous /
norm and M is a fuzzy set in X2x [0, oo) satisfying the following conditions for all x.y, z € X
and t,s >

(i) M(x.y) >o;
(i) M(x,y. I) =. for all 1 >, ifand only ifx =y;
(H) M(x,y,t) = M(y, x 1),
(iv) M(Xy.t)*M(y, z,t) <M(x zt+5),
(v) M(x,y. = [,00) —=[,:Js continuous.

Let (Ar-/V),*), i = 1.2, be fuzzy metric spaces. A map /:X] —=X2is called non-
Ixpan(liny if AIN(X, Yy, t) < M2{f{x),f{y).t) for any x,y € Xi and/& 0. Thefuzzymetric
spaces and non-expanding maps form a category, which we denote TMS(*).

If (A, M, *) is a fuzzy metric space, x € A'r€(0,1) and/> 0, then the set

B(x, r,t) ={y € X M(x, vy, t)> 1— M

is called the ball of radius r centered at x for t. It is known that the family of all balls is a
base of a metrizable topology for every fuzzy metric space X (see [2]).



A fuzzy metric M is called stationary if the function M(x.y,~): [[,00) -> [ .:] is
constant for every x.y € X. We write M(x.y) instead of M(x,y,t), and B(x,r) instead of
B (x.r. t) for any stationary fuzzy metric JI. We denote by SJ-MS(*) the full subcategory
of the category whose objects are stationary fuzzy metric spaces.

We say that a metric space (X, d) is of strong diam.eter ¢ if d(x, y) <¢c¢ for all x,y € X.

Theorem 1. Let (X.M) be a stationary fuzzy metric spacc with respect to an archirncdean
t-norm *. Then the function d —to M, where t is a continuous additive generator of M, is
a metric on X of strong diameter t(0). The topologies oil X induced by M and d coincide.

Moreover, this construction determines a functor from the category SJIrMS(*) into the
category of metric spaces and nonexpanding maps.

Proof. Let Xx.y,z€ Xm

If (/Ar,y) =0, then, since t is strictly decreasing, M(x,y) = 1 and therefore x =y. Also
d(x,x) = t(M(x.y)) = /1) — .

Clearly, d{x,y) =d(y.x).

Prove the triangle inequality. We have

M(x.y) *M(y.z) =t{INt(M(x.y)) +t(M(y, 2))) =
t~I(min{t(M(x,y)) +t(M(y, 1)).0}) < M(x,2),

and therefore applying t to both sides of the above inequality we obtain

d(x. y) +d{x. 2) = t(M(x.y)) + t(M(y, z)) >min{t(M(x, y)) +t(M(y,z)),. } >
=d(x, z

t(M(x, z)) (X, 2).

Remark also that, since M(x,y) >0, we obtain d{x,y) < /(0).
Let Bd(x, r) = {y € X 1d.(x,y) <r}. From the fact that Bd(x,r) = B(x, 1- i_,(r)) it
follows that the topologies generated by M and d coincide.

If (Xi,Mi), i —,., arc stationary fuzzy metric spaces and a map /: X\ —A- is
nonexpanding, then this map is easily seen to be nonexpanding with respect to the induced
metrics. M

Recall that an ultrametric d on a set X is a metric satisfying
d(x,z) < max{d.(x,y).d(y,2)}, x,y,z €X

Proposition 1.1. Let * = min. The category SJ'M Si*) is isomorphic to the category of
ultramctric spaces and nonexpanding maps.

Proof. Define d.(x,y) —1 —M(X,y). One can easily prove that d is an ultrametric on X
Moreover, the topologies on A induced by d and M coincide. O

Proposition 1.2. Let * = m The category SFMSi*) is isomorphic to the category of
metric spaccs and nonexpanding maps.

Proof. Since / = -In s clearly the continuous additive generator for the /-norm - the
assertion follows from Theorem 1 O

Proposition 1.3. Lot * he the Lukasiewicz t-norni. The category SJ-A4S(*) is isomorphic
to the category of metric spaccs of strong diameter . and nonexpanding maps.

Proof. It is known (and can be easily seen) that the function t defined by the formula
t(x) = 1—x is the continuous additive generator for the Lukasiewicz 1-norm. Since : (o) —:.
the assertion follows from Theorem 1 O

2 K-uULTRAMETHIC SPACES

Let X be a set and K € [0. 00]. A metric d on X is called a K-ultrurnelric i d{x.y) <
max{d(x, z),d(z, y)} whenever min{d(x,z),d(z,y)} < K.

Note that any O-ultrametric is a metric and any oo-ultrametric is an ultramctric.

Below we describe a construction which allows us to produce examples of A'-ultrametric
space. Let (X.g) be an ultrametric space and let denote its decomposition into disjoint
closed balls ol radius A’. Denote by g X —=X/ ~K the quotient map. For any metric 1) on
X/ ~n’, the function d: X x X —R defined by the formula d(x, y) —a(x, y) + D{a{x), q(y))
is a A'-ultrametric on X. Indeed, if x,y,z € X and Xxz) < K, o{z,y) < A, then
{19 = (iz) = q{y) and therefore

dfx y) = fjx.y) f D(a{x).q(y)) <liax{y(.r. {),u(x,0)} I D(a(x). q(z)) 4 D{a{z), q(y)) <
max{"(.r. 2), g(y, »3} = max{fi(;r, z),d{y, 2)}.
and, if, say,p(x,{) <A, ¢(z,y) > A, then q(x) =q(z) and therefore

d{x,y) = 9(xy) +D{a(x),a(y)) <max{*(r, 2), 9(y, ¢)} + D(a(z), a(y)) =
g(y,z) +D(q(2), q(y)) =d(y.z) <max{d{x 2). 4. ))}.

Theorem 2. Let a*b =—"b , where a € (0,1). Then the category SAMSI*) s
iIsomorphic to the category of K-ultramctric spaccs and nonexpanding maps.

Proof. Let M be a stationary fuzzy metric. Define d: X x JT  IRby the formula d(x.y) =
—InM(x, y). Then, suppose that x,y,z € X and min{d(x, z), d(z,y)} > —uo. Then
M(x, y) <elnn = o, M(y, z) <a and therefore
i, 5 Wi, o7y, of = MM 0.2
which in turn implies that d(x, y) -fd(y, z) > d(x, z) +a > d(X,z).
We are going to prove that d is a A'-ultrametric on X with K = —im. Suppose that
X.y,z € X and min{rf(j;, z), d(z. y)} < K. Then, say, IM(x.y) >a, whence

W 2 SMOxy) * Billy, 2)= e e e ———y >

Mb, A M(x.y)M N f "
mxﬂy(';y)l ") .'.max{M%X;.))//;, Ir_\%j')'z'j}n T ww{M(x,y),M(y,: }

and therefored(x,y) < max{d(x,y),d(x, ¢)}. The rest of the proof is left to the reader. O




By exp A we denote the hyperspace of a topological space X, i.e. the family of nonempty
closed subsets in X. It is known [s ] that every fuzzy metric M ... A'generates a fuzzy metric
Mu ... exp A” (the fuzzy Hausdorff metric) as follows:

Mu(A,B. 1) = mill finf M(a, B, 1), inf M(A, b, §

ae N be B

for every A B € exp X and t > 0. Here M(a,B,t) = sup{M(a,b,t) \b € B}, a € A",
B € exp X.

Corollary 2.1. The hyperspace of any K-ultramctric space is again a K-ultrametric space.

Proof. The result follows from the previous theorem and from the fact that for any stationary

fuzzy metric space the fuzzy Hausdorff stationary metric is again a stationary fuzzy metric.
[]

3 Remarks

Let (Xt.Mi, *), i —.,., be fuzzy metric spaces. A map /. XA — X2 is called a con-
traction if Mi(x,y,t) < M2{f{x),f(y),t) for any x,y € X\ and t > 0. The results of the
previous sections can be also formulated for the category of (stationary fuzzy) metric spaces
and contractions.

For any k € (0,1) a map /: A -> X of a fuzzy metric space (A, M, *) is called a
k.-contraction if N

M(F(x)J(y), t) ~+ - K\XM(X, y, 1) ~:
for every x.y € A. A metric analogue of this notion is unknown.
It is known (see, e.g., |1)) that for any continuous t-norm * there exists a unique (finite
or countable) index set A unique pairwise disjoint intervals (aa,ca) C [0,1], and unique
continuous archimedean t-norms *Qsuch that

aa + (r.Q- na) *Q - if (ty) € (na,ca),
inin{.r, </} otherwise.

The above results lead us to the following question. Is there a category of metric spaces
which is isomorphic to the category SJrM S (*)?

In the theory of metric spaces, one of the most important roles is played by the Urysohn
universal metric spaces [10]. Recall that a metric space (U, d) is called Urysohn universal if
U is separable and complete and has the following property: given any finite metric space A,
any point x € A, and any isometric embedding /: A \ {x} —U, there exists an isometric
embedding F: X — U that extends /. The classical Urysohn theorem asserts that an
Urysohn universal metric space exists and is unique up to isometry.

A counterpart of the notion of universal Urysohn metric space in the class of ultrametric
spaces is discussed in [9]. Also, there are Urysohn universal spaces for the class of metric
spaces of diameter < 1 (see, e.g., [9]).

This allows us to formulate the following problem. Is there a counterpart of the universal
Urysohn space for (some subclasses of) the class of separable fuzzy metric spaces?

References

1. Clifford A.H., Preston G.B. The Algebraic Theory of Semigroups. Amer. Math. Soc., Providence, RI,
1961.

2. George A., Veeramani P. On some results of analysts for fuzzy metric spaces, Fuzzy Sets and Systems,
90 (1997), 365 -368.

3. Grabiec M. Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27 (1988), 385 389.

4. Gregori V., Sapena A. On fixed-point theorems in J'uzzy metric spaces, Fuzzy Sets and Systems, 125, 2
(2002), 245- 252.

5. Katetov M. On universal metric spaces, in: Frolik Z.(ed.), General Topology and its Relations to Modern
Analysis and Algebra VI. Proceedings of the Sixth Prague Topological Symposium 1986, Heldennaim
Verlag, Berlin, 1988, 323-330.

6. Kramosil I, Michalek J. Fuzzy metric and statistical metric spaces, Kybernctica, 11 (1975), 326 331.
7. Ling C.M. Representation of associative functions. Publ. Math. Debrecen, 12 (1965), 189 212.

8. Rodriguez-Lopez J., Rornaguera S. The Hausdorfffuzzy metric on compact sets, Fuzzy Sets andSystems.
147. 2 (2004). 273- 283.

9. Su Gao, Chuang Shao. Polish ultrametric Urysohn spaces and their isometry groups, Topology and its
Applications, 158 (2011). 492 508.

10. Urysohn P. Sur un espace metrique universel, Bull. Sci. Math., 51 (1927), 43 64, 74 90.

Kherson agrarian university,

Kherson, Ukraine

Received 1.104.2011

CaByeHko O. 3ayBa)XeHHA Npo cTalioHapHi po3MWUTI MeTpuUUHi npocTtopu // KapnaTtcbKi
maTemMaTuyHi nybnikayii. —2011. — T.3, Nal. — C. 124-129.

JloBefeHO, WO KaTeropisa crauioHapHMX PO3MUTUX MeTPUYHWUX MPOCTOpiiA (BifHOCHO apxi-
MeAoBOI t-HOpMW) i HEpPO3TAryUMX Bifo6GpPakeHb i30MOpghHA MOBHIM nigkaTeropii KaTeropii
MEeTPUYHMX MPOCTOPIB i HEPO3TATyOUMX Bigo6pakeHb. PO3rNAHYTO TakKoX BUNagoK Meapxi-
MeA0BOi /.-HOpMW.

CaByeHKO A. 3ameyaHwue 0 crnayuoOHapHUX MeYeTNKUX .MeTpuyeckmnx npoctnpaHcteax // Kap-
naTtckue mateMaTtH4Yeckue ny6aukaymm. — 2011, — T.3, Nol. C. 124 129.

[oka3aHo, UTO KaTeropmsi ctauMoHapHbiX HEYETKUX MeTpMUYecKMx mpocTopancTs (no oTno-
LIEHWIO K apXMMeAOoBOA ZHOPME) M HepacTArMBaloLWmMX 0To6paXKeHWn N3oMopdHa NONHOH Nog-
KaTeropum KaTteropum MeTpuyecknx NPOCTPAHCTB M HepacTArMBalLMX 0To6parkeHnin. Paccmo-
TPEHO TakKXXe cfyyail HeapXMMeLOBOW i(-HOPMbi.
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ny6nikauii. T.3, NT Publications. V.3, Nd
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Cemenuyk A.B.

MPoO AEAKI ANITOPNTMINN OBUUMNCJ/IEHDb O/1A KYBIUHHWMX MOJNIB TA
MoniB YETBEPTOIO CTEINEHHA

CeMmeHuUyK A.B. Tlpo fesiki anropuTMum 064uMcneHb Ana Ky6iyHUX nonis Ta MoniB 4eTBepTOro
cTeneHs / Kapnatcbki matemaTtuyHi nyé6nikauii. —2011. — T.3, Nol. — O. 130- 138.

MobyfoBaHO eheKTHIWI anroputTMm o6YUCIeHb Yy Ky6IYHUX MONAX Ta NONsiX 4YeTBEpPTOro

cTeneH4.

Bcrtyn

BuBueHHto (n, T)-popMm So +.5 @ & + ...+ s, i '<Im~xumncnosoro nons Q(m) crenexs
7y MPUCBAYEHO YMMano pobiT. Mpu LbOMY OCHOBHA yBara aHafiTUKIB Oyna 30cepeiXeHa Ha
BMBYEHHI iX Linouncnosmx 6asmcis Ta ofuHULbL. Bunagok n = 2 B OCHOBHOMY AOCHigKeHWNI
Bannicom s Commercium aepistolicum (1G57 p.) MNMpoTe okpemi acnekTn AOCNILXKEHb Y LbOMY
HanNpPAMKY MPOBOAATLCA i HUHI [4]. Bunagok n = 3 6inbl cknagHuii. Moro gocnigxysanu
Ako6i, Tlyankape, ypsiy. BopoHuii npoBoAMB CBOI JOCNI4XEHHA Ha OCHOBI Yy3arasibHeHb
HerepepsHuX Apo6is |1 TexHiui po6otn 3 (3, w.)-popmamu, ki [cnoHe Ta PajeeB Hasu-
BalOTb KyGiYHMMWU yucnamu y [2] NMpuCBAYEHO LinniA po3gin. ANroputMyu 06YMCNEHHA CTe-
neHis (N, T)-pOPM KOPUCHI NpWn LOCNIAKEHHI CTPYKTYPU MHOXWHU (PyHAAMEHTalbHUX OAW-
HULG Y KinbLi LinMX Ymcen nosis.

Y po6oTi, npu A4oNOMO3i anapaTy YMCNEeHHS TPUKYTHUX mMaTpuub [3] nobyfoBaHO pekyp-
CVBHI anroputMm pobotu i3 (M, T)-oopmamm TPeTbOro Ta YeTBepTOro NOPSAAKY Ta HaBedeHo
pAL NPUKNagis, WO INKOCTPYHOTL iX e(PeKTUBHICTb Y MOPIBHAHHI 3 anropMTmMaMu, 3anporio-
HoBaHUMK Y |} ]

1 Ky6iuHi piBHAHHSA Ta ippayioHanbHOCTI

Po3rnaHemo Kybi4Hi ippaLioHanbHOCTI BUAY

2000 Mathematics Subject Classification: 46-02, 46E30. 46J20.
KntouoBsi cnoBa i ppasun: KybiuHi nons, napanepmMaHeHTH. anre6paivHi ippayioHanbHOCTI.

fe a b Gn —pedki payioHasibHi Yncna, WO Ha3HatTbCA Ky6iuHuMN opmamu |
KoedilieHTN Ky6iYHOro piBHAHHSA

xi = QX2+ pX +T, 2)

aKe 3af0BOSIbHAE KybiuHa chopma (1), MOXHa3HaWTW,PO3B’A3aBLUM BiAMOBIAHY CUCTEMY
PiBHAHb, ab0 MpPOCTille, NpX AONOMO3i MepeTBOpeHb YumpHraysena | |
Maemo: /
q =3a
<p =3(dm - a 2), (3)
Ir =bAN +cJh2+ aJl—3abcH

AKW,0 HopMa KybiyHOT hopMU [LOPIBHIOE OAMHMLI, TO LOBiNMbHMIA i CTENiHb TaKoX Ao-
PIBHIOE OAMHWLI. B 3B’A3KY 3 UMM BUHUKAKOTb UMKNIYHI TPYNN OAMHUUL. [Ns reHepyBaHHS
e/IEMEHTIB TaKMUX FPyn KOPUCHMMW BUABNAKOTHCA HACTYMHI ABi TEOpeMW.

Teopema .. AKWo rs —gx2+p.r Tr i Xm —QmX2+ PnX | TO HAKONYIThCA PilLIOCTI:
mn ,$ N
: .
r 4 . 4
Vg Tt
Qm= ° V % 4 =Pm= ° P g 4
- SR I
0 0 0 g 0 0 0 r =
) P 49 Yim- - P g €
0 <
o E 4
Rn= 0 o § m =34
o o
P
0 0 0

d""m_z

LosegeHHa. Maemo xm+ = Qm+\V& + Pm+\x + Rm+: - 3 iHWOro 60Ky, MaeMo piBHOCTI

Tur1 = Qmx3+ Pmx2+ Rmx = Qm(gx. +px +r) + PIlk2+ Rmx =

(qQm + Rrn)-X2 + (pQm + R-m)x + QirJ\

ane koediuieHTn qQm + Pm, pQm + Rm, Qmr € Bi4NOBIAHO PO3KIaZA0OM MapanepmMaHeHTiB
Qm+b Rm+b Rm.. 3a enemeHTaMu MepLIOro CTOBMLS. O

Po3knagaroum napariepManeHT Qm y Teopemi : 3a efleMeHTaMy OCTaHHLOro pAfKa, Ma-
EMO NiHiliHEe PEKYpPeHTHe PIiBHAHHA TPeTboro nopaaky Q,, = qQm-: +pQm . + I'i 1
noyaTkoBuMM ymoBaMun Q2 —:, Q<. = .



Po3knagatoun napanepMaHeHT 4ns P 3a enemMeHTamy MepLuoro CToBnus, AiCTaHeMO pe-
Kypcno PT = pQm-A +rQm-., T = 3,4,.... AHaNOr4yHO MOXHa OJepXaTun PCKYpcCito
Rm = rQm-\, M= 3,4,.... Takum 4ymHOM, KoedqpiieHTM Qm, PTi Rm, T = 3,4,..., y
TEOpeMi . MOXHa 3HaWTK i3 pekypcii

Qm = QOm-A  PQOrn-2 4?20m-'ii QI K Q<0 0
Pm =PQm.. 4“rQm-., Rm ~Qm.-., m 34, ...,
L0 fal0Th MPOCTUIA anropuTM iX 06YMCNEHHS.

Teopema 2. Hexail X = a + b<Vhi + ¢\fn? ¢ KopeHem piBHAHHA X3 = qx24-px 41, ToOdi

X' = AT + Bm<A, + Cmu/n2,

npuyomy
i
\
> f
3A ° b A (4)
0 p
n
0 0 (0]
b
b -ac
ol q 4 0
q v n
0 rq 0 rq
BT = 0 P r - ’ P AFf’
0 0 0 0 q
0 0 0 q 0 0 0 ﬂ

[oBejeHHA. Po3knagaroum napanepmaHeHT (4) 3a enemMeHTaMu MepLIoro CTOBMUSA, MOXHa
oTpUMaTKn PiBHOCTI:

3AT = q[}m- t+FMU 2 Farpge s = q{q[]mz +P[]m3 +7’|]m—4) +sz]m 2 +3/[]m73 —

@2+ :Pun_z +{gp +sMum s + grllm.,

fie CMMBOMOM [Jm MO3HaYeHO NapanepMaHeHT

y
%
p q 7
0 AT

Qm = P ¢
0 0 P
0 O 0

3 iHWoro 60Ky, 3rigHO 3 TEOPEMOIO 1, MAEMO PIiBHOCTI
XM — QmX2 + PwX + R =
Na. +.bm) + (c2n + 2 ab) Vi + (b2 + . ar) VW22 0Qm + (0« bdA7 -} of/1i7)PT |
((02 +.bcn)Qm4- (iP,n + Rui) + ((c2n + . nb)Qm + bPm) <Ai. + ((/r +.ac)Qm + cPv/ Mn2
Tomy cnpaBeAnmMBorO 6yfe PiBHICTb
AT = (02+ .bcn)Qm 4-aPm + R,
Ane, 3rigHo 3 piBnoctamu (3), Maemo a. + 2bcn = |(r. 4-2p) ia =  OTXe,
AT = (" +:.pyiini . +1/(pJT 3+ i) + 3r[],,(3 =
@2+ :Pyum 2 4 (ap 4 31)[],,,_3 + <l

MapanepmaHeHT Qm 3a0BO/IbHAE PEKYPCito
om qQm-:4"porn—=24"iogm—i Q) I+ Q<o 0.
KoedpinjieHTn Arn, BLLC LLIMOXHa 3HaiTK i3 pekypcii
3AT = qQnl-: +2pQm-2 + 3rQm-:{,
B,]=bQm _x 4 (nr. - ab)Qm 2,
Am (Qrn.. 4 HQm-z, A Lez e,

2 PIiBHAHHA Ta ippayioHanbHOCTIi ueTBepTOro creneHs

Po3rnsgHeMo ippauioHasibHOCTI YeTBEPTOro CTeneHs BUAY
X=a+bWMM+rv,.+dVrr\ (5)

pe a, bc d n —peaki payioHanbHi yncna.
3HaxXo04UMO KOewILiEHTN PIBHAHHA YETBEPTOrO CTerMeHs

T = Vo -px2+71x +5,

aKe 3a40BoNbHAE hopma (5). BOHH JOPIBHIOKOTbL

"q = 4q,
p = 2(c2) 4 2bdn —3a2), 6
F=4(ali + bZn 4-ed2n2 —ae2n —2abdn) ©)

4 -=rfas- rin..-hn- a. - 2/.1hn, 4-4ftr.rb. - 4a. fr/n-}2aV n - 4aft2rn - 4darr/:n.
3HaMLWOoBLUM OAUH KOPiHb Ai0haHTOBOr0 PiBHAHHSA
d4dns —€4n 2. -bdn —ad—2b2d2n 2. -4be2dn2—4a. bdn + 2a. c.n —4u>2n —Aacd2n2= 1

MOCNiOBHWUM NiAHECEHHAM [10 CTEMEHs MOXHa OTPUMATU Psf HOBUX MOropo3Bs’sskis. Tomy
KOPUCHUMW BUSBNAIOTLCA HACTYMHi TEOPEMU.



Teopema 3. AKWo x4 = gqxz+px2+rx +s 1 XT = Qmx3+ PTX2+ Rmx + Sm. X0 BMKO-
HYKTbCA PIBHOCTI

Q :
p
n 9 Q 7
T P S P f
\Y 4 A P q b
a P r
‘r Vi 4 A F O P 4 Q
$ 1 p , Im — 0 S p
0 r PS n 4 ' f‘ n
R r P P
0 o ; P A A 0 o r P A ?
4 r P o s rp
0 o o rooP 4 o in 0 o roop g 7
. s
S
< A ° A
P
0 i A o A
v r P
0 4 =] . 0 ) n A
rop )y Su o S T P g
0 v a o r P 4 A
S r S r
0 0 r p Ei a 0 0 r p 1 a
s " P o o o© : r P
o o o : b on 7 ms ; p g 8 _
fem =475, -

[oscOcnHA. MaeMo Xw-: = Qm+rxs + P,,+\x2+ P,n+\x + Sm+i. Ane
Tur1 = QMXA+ Pnrs + Rmx2+ smx = Qm{gxs +px2+rx +s) + Pmxs + Rmx2+ Snmx =

&<+ + (pQm + Rm)x2 + (rQm + Sm)x + .sQm.

Mo3sask KoedpinieHTM qQm+ Pm, pQm+ Rm, rQm+ Sm, sQme BigNoBi4HO pO3KNaf0OM napa-
liepmanenTis QmH, Pm+i, Rm+x. S. .. 32 enemMeHTamMy NepLLOro CTOBMUA, TO TEOPEMa BUKO-
HYETbLCA. @)

Posknagatoum napanepmaHeHT Qmy TeopeMmi 3 3a e/leMeHTaMy OCTaHHLOrO PsAfKa, MaEMO
NiHINHE peKypeHTHe PIBHAHHA YeTBEPTOro NOPsAAKY

Qm = gQm—4 PQm—=2 ?2Q0m-—=3“%sQm—4) Q.3 1) Q<3 0-

Po3knagatoun napanepmaHeHT gns Pm 3a eneMeHTamMu MePLUOro CTOBMUA, AicTaHEMO pe-
Kypcito Pn = pQm: + rQn — +sQm-3, » = 4,5,.... AHanoriyHo MOXHa OJep>aTu pe-
Kypcii Rn = r@Qm-i +sQm-., Sm = sQm-;, m = 4.5,.... TakKuM YMHOM, KOeilieHTH
Qr> Pin- Ryn, Sm, rn = 3,4,..., y TeopeMi 3 MOXHa 3HalTuK i3 pekypcii

Qm =gQm-I + pQm-2+ rQm-3+ Qm-4> 72 = 1. Q<0 = 0?

Pm —PQin— ‘4 rQm-2 H$QmM-3 ™ 4,.,...

Rm —rQ.. +iQm.. m—4,5, ...,
SN ®Qm'|| 0/1 4,5, ...,

LLO Aal0Tb NPOCTUIA aNifOPUTM 0BYMCNEHHS KOEMILIEHTIB.

Mpuknag 2.1. Hexait x4 = 16x3- 56.x2 + 256,/ —862, T04i .T» = Q7.r3+ P7x2+ A7x + S7.
KOpPHCTYI0 YHCh pekypciamn

Om —16Qm-1 —56Qm 2 + 256Qm 3 -- 862Qm-b Qi —I, Q<A —0,
Pm=-56gm.i + 256gw_2- 862gm_3,
72m = 2560m i - 862Qm 2,
Sm— 862Qm—+ ~ 4,Q...,

0TPUMAEMO
S, =-862. A,=25. /I, =-56, Q.= 16

St =-13792. s = 3234, [ =-640, Qp=200,
S(=-172400. A(= 37408, Aj = -7966, Q. =2560,
S, = -2206720. A = 482960, I\ = -105952, Q, = 32994.
OTxe, X7 = 32094/:3- 105952.X2 + 482960.x - 2206720.

Teopema 4. Hexait x = a+Dbf/ri +c\/v? +d\/n? ¢ KOpeHeM PIBHAHHA X« = ¢ +PT. +rX -5,

XxT—AW + Bm\fn + Cm./i2+ D,n"

I'IpVI‘-IOMy
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° 4 54
0 0 p , £ g
b
2cdn —2ab
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T =T M
NnNT XM
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fxd

b2+ d2n —2ac

O O Ov=c

T C

C -
Zr ‘il

O O O°hc
'U_'_C'U_C

O 0 0 {/ \Lﬂq‘Jm

ae (y d3n2 + n2b + be2n —bZin —2nedn, B = nZ —ab2 —adign"";c%n + 2bed.ii, -
u2d - bd2n +c2dn - 2abe 4 b3.

[oseneHHs. Posknagatoum napanepmaHeHT (7) 3a eneMeHTaMu MepLloro CTOBMUSA, MOXHa
OTpUMaTK PIBHOCTI:

AATn  c/[]t: +2pu- > + 3T 3+ .:Sum . =q(q[Jm: +p[J?n: + ?7[]T-« + S[[m.S)+

2\n-> + 3r[]T 3+ Sy« = (q2+ 2p)0m -2 +(qp + 3Num s + (Qr + 4800 _« + gs[Imr,,
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x"1= Qrmxs + Pmx2+ Rmx + Sm =

((0,3+ +abdn +3ac2) + 3cd2n2+ 3bZn) + (d3n2+ 3a2b + 3bc2n + 3b2dn + 6acdn)J/n.+

(3u~c + 3ab2 * 3ad"i, \e3n 4 iibediij Vii2 1 (3u"d, 3bd w4 3c dn f Gbe 4 b )\/u3j() H
a2+ 2bdn +¢2n) 4 (2cd.n + 2a.b)y/n + (b2 + d2n 4 2ac)v/n 4 (2bc + 2ad)VrvA) Pm+
(a + by/it & ("YH24 d\Zri:)Rm 4- Sm =
((a +sabdn + 3ac2n + 3cd2n2+ 3bZn)Qm .- (a. 4 2bdn +c¢2n)Pm 4 aA,,, 4 Sm) +
((d3n2+ 3a2b 4- 3bc2n 4- 3b2dn 4- 6acdn)Qm + (2cdn + 2ab)Pm + bR ,n) y/né-

((3a2c + 3ab2 + 3ad2n + ¢3n + 6bcdn)Qm £ (b2 Fd2n + 2ac)Pm + cRm) WVn2-\
((3a2d 4- 3bd2n 4 3c2d.n 4 ba.be + b3)Qm + (2bc 4 2ad)Pm 4 d,Rm) \Zip.

Tomy cnpaseaivBoo Byfe PIBHICTb
N =(a) + 0abdn .-3ae2n.-3cd2n2 + 3b2ni)Qm \(a2+.hdn I c2ti.)Pm BR,, Kin.

Ane, 3rifHo 3 piBHOCTAMKM (6),maemo a3+ 6abdn + 3ae2n + 3c.d2ri2+3bZn = | (/L-3qp \-3r),
a2 F2bdn +e2n = {(q2 }2p) ia = oTxe,

= (f/'i4-3(7p + 37,)[1%,_34-((5,24-2p)(p[];n,,<4-r[Im -r>4-cS'[Im_6)4-f/(r[Im .J4-n'[Jw-r)4- 1-s[j, =

(24 2p)[\m . (gp + 3r)[Jm 3+ (qr 44.5)[., 44 t/4m 5.

[na napanepmaHeHTa Qm cnpai3cA/MBOKO € PeKypcis
Qm ' qQin . 4pQ,n-2 1 Nini=3 1 sQi/i-4 P ||
koe(})iuieHTn ,4m, /im, Cm, Dm MOXHa 3HalTK i3 pekypcin
4/ln qOm 1 2]>Qn 2 1 37Qm : 4'4Jin .,

Bm bQni\x .cdn  2a.b)Qrm—24~eyQm—,
Cm =cOm : + (. 4d2l ~2ac)QT 24-I"Qm- 3
Dm = dQrn. . + (26c —2ad)Qm 2 4- = 1,2,

Mpuknag 2.2. Hexah x = 4. 3\/2 +2'Y2" 4 \/25 € KOpPeHeM PiBHAHHA T: = : 6.1 - 561 !
256.7 —862, Togi

KOopHeTYt YHCh peKkypciamu
an,n=16gm! - 112gm2 +768~m 3- 344847 _4,

Bm = 3Q,n-i —16Qm—=2T 26Qm 3, Cm =.Qm.i —5Qm-2—4Qm-\
Dm = Qm. 4 4Q,, 2 —3Qm-3, Qm = 160Qm i —56Qm~2 4- 256Qm 3 —b02C/,(
@:I, Q<0:0, M= 1,.,...



0TpUMaemMo
mAI = 16, A, =3Ci =2 a =1 Q =16
4.4, = 144. A. =32,C. =27, §H.=20. Q. =200,
441 = 2176. B3 =370,C3 =316, D3=261. Q. =2560,
4A4 = 27400. A, = 4896, O, = 4056, D4= 3312, Q, = 32994,
4Ns = 339616 = /15 = 84904, As = 63222. Cs = 52388, As = 42634.
OTxe, ;- = 84904 + 6322272 .-52388 + 42634".
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